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4 ә 
GEOMETRICAL THEORY OF A PLANE NON-CYCLIC 


ARC FINITE AS WELL AS INFINITESIMAL' 
wy 
S. Moxworannyava (1908) 
Inrnopvorioy. 


‘Tho following paper is ap attempt to study geometrically a plane 
convex arc, wader the supposition that the radius of curvature existe 
teach point or that the radius of curvature as well as its frat. rate 
of variation exists. No complete geometry, however, has been 
attempted, the main object of the paper being to deduce a number 
of interesting theorems relating to an infinitesimal arc. 

In the first place, consecutive points on a fixed curve have been 
defined as the intersections of the curve with» variable curve of 
given kind X, these consecutive points being only the potition of 
ultimate colnoidence of » number of real distinct pointe, whioh must 
havo originally existed, in every case in the proximity of this position, 
separated by finite distances. The concept is a simple and natural 
опо, Tn counting consecutive points the analyst, not infrequently, 
confounds real intersections with imaginary ones. 

In tho special case where a curve of given kind X, determinable 
uniquely by r distinct pointe. meets the curve in r+1 distinct pointe 
it ie possible, under certain circumstances, to bring the r+! pointe 
into coincidence, by varying the form and position of the curve of 
kind X. The method is a useful one and has been illustrated in 
‘Theorem I. 


Prom Jouroal, Anintie Society of Bengal (New Вагин, Vol, IV, 1908. 
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Васпох 1.—Foare Ako, 


A point O moving continuously with time, from а position P to 
position Q, describes a line PQ. H there is a tangent at each point 
of the line which turns continuously as O moves from Р to Q along. 
‘the lino, then tho line PQ willbe called а сиғес. If the tangent 
turn continuously in the same direction the curve PQ will be called 
conver are, provided по steaight line meets it at mare than two 
pointe. 

И o number of distinct points be determined on а convex arc PQ 
by intersection of a line of givea kind X, and when their positions are 
varied by varying the line of given kiad X. they approach a given 
Ib if, then in their final position 
‘thoy are called «o many consecutive points at О, determined by the 
Moo of given kind X. Thus if X determine r consecutive pointe at 
© then in every double neighbourhood of О there must exist r 
distinct points on PQ through which a line of given kind X passes. 

If a straight line pass through three consecutive points at О, then 
iis called a point of inflezion. Thus in every double nelgbbour- 
hood of s point of inflexion there exist three distinct points lying on 
straight line. 

И a circle pass through four consecutive points at O, then O Is 
вайей o cyclic point. 

10 tbe radios of the circle of curvature at cyclic point bo in 
finitely large then O is called a point of undulation. Teis hardly 
justifiable to define a point of undulation as one where the tangent 
pases through four consecutive points. In the neighbourhood of a 
point of undulation four points оп а straight line cannot exist 
логова in such а neighbourbood four points on a circle always exist, 

А convex are will be called сусе or non-cyelic according as there 
Ла or there is not a cyclic point in its interior. 

Та the couvex aro discussed in this paper it will be supposed 
‘that the circle through any three points, distinct or consecutive. 
‘varies їп a continuous manner ав the points are shifted along the 
‘are. The radius of the circle through any three distinct points will 
be always finito although in the limit when the three points coincide 
it may become zero or infinite. Tt will aleo be supposed that the 











“rate of varistion of the redius for the shifting of any one of the 


1и a ceotionous function ofthe positions of the pointa. 








THEORY ОР A PLANE NON-CYCLIC ARC 





three points. 

If possible suppose a circle meets а non-cyclic convex are at four 
distinct points, P, Q, E, S lying in order on the are. Then by 
keeping Р and S fixed and continuously varying the radius of the 
cirele we can make Q and Н come as close together as we choose. 
Again by keoping Q and Н fixed and continuously varying the radius 
of the circle we can make P or S approach Q or R as close a we 
choose, By repeating the above two operations alternately a sufficient 
number of times, it is evident we can make P, Q. R, S come as 
clone together as we like and ultimately coincide at some point О, 
lying between the initial positions of P and 8. Thus there will 
be a cyclic point in the interior of the arc which is against 
hypothesis. 

Cor.—lf а cirle meeta convex am at four distinct points 
P, Q. R, S, then there must exist а cyelic point between P and В. 


‘Theorem 1,—It POQ be a non-cyclio are, then angle POQ will 
continuously increase or decrease as О moves slong the are from 
PtoQ. 

If not, then two positions Оу and Og can be found for О, between 
Р and Q, auch that angle PO,Q is equal to angle PO,Q. Therefore, 
Р, Оу, Og, Q are concselic and there ix а eyelle point between P and 
Q. which is against bypotbosis, 

Cor, A—If the tangents РТ and QT at Р and Q ore equal, thon 
thoro must exist а cyelic point on the are POQ. For, the anglos 
ТРО and ТОР, being the limiting values of the supplement of the 
angle POQ when O coincides with P and Q. respectively, cannot be 
equal in а non-eyelie arc. 

Cor. В.И the angle POQ continuously incresse as O moves 
from P to Q, then the circle POQ will fall below the are from P to 
О and above the arc from O to Q. 

Dej.—An arc POQ will be called positive, if the angle POQ con- 
tinuously increase, as O moves from P to Q along the aro; and it will 
be called negative, if the angle POQ continuously decrense, as O 
moves from P to Q. H the am POQ be positive then evidently the 
arc QOP is negative afl vice verni 

Gor, б,—И the tangents at P amd Q to a positive non-cyclic arc 
PQ, meet above the arc, then QT is grester thon PT. 
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Theorem I.—No cirele can met a mon-cyelio arc at more than — 
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Theorem [1—I O be any point on а now-eyelic аго POQ. thon 
tho cirole POO, passing through P and two consecutive pointe at О. 
‘Will fall entirely below or above the giren are. according as the are 
POQ is positive or negative. 

Tn the first place, it is evident that tbe circle POO will lie 
entirely below or above tbe given arc. as it cannot intersect the are 
at a fourth point. 

Suppose the arc POQ is positive. Then the circle POO will fall 
entirely below the given arc. 


И not, let it lie entirely 
above, us represented by 
the dotted line (Fig. 1). 





LT 

"Take any point В on the given aro botweon P and O, Join QR 

and produce QR to meet the cirele POO at 8, Join PS, PR, PO and 

QO. Then evidently angle SPO is less than angle SQO, ns Q falle 

‘inside the circle. Therefore angle PSQ is greater than angle РОО, 
which is contrary to hypothesis 

Similarly if the are POQ be negative, then the cirele POO will lie 


entirely outside the given are. 

The converse theorem is also evidently true, namely, the are POQ 
will be positive or negative according as the circle POO falls conti- 
‘ually entirely inside or outside the given aro, as О moves from Р to Q. 

Cor.vA.—It POQ be а non«yelie аго, then it will fall between 
the circles POO and 900, 

Cor. В,—И POQ bo а positive non-cyclic ace, then ibo circle of 
curvature at P falls entirely within the cirele of curvature at Q. Thus 
the radius of curvature at P is lous than tho radius of curvature at Q. 

Theorem 1У.—И POQ be a positive non-cyclic aro and S be 
any point in it, then the minor ares PS and SQ willbe also posi- 
tive, i.e., the angle POS will continuously increase as О moves from 
Р to S, and the angle QOS will continuously increase na O moves 
from 8 to Q. 

Join PS. Then since angle POQ continuously increases as O 
‘moves from P to Q, the circle POO continuously falla below the 
given are. Hence as O mores from Pto 8, the ciele POO falls 
below the arc PS, snd hence the angle POS continuously increases 
moves from P to 8, 

















__ Similarly, if O be taken in аго SQ i сав be proved that the angle - 
s tbe or 
‘Therefore are SQ is positive. 3 М 

PQ be any positive non-cyclic arc, then any minor 
P/Q is also positive. For. PQ is positive. therefore PQ is 


Cor. В.—И in an arc POQ thers by а cyclic point, then angle 
POQ cannot continuously Increase or decrease as O moves from 
ро. 

For, И there be а cyclic polat S, on are PQ, then in the neigh- 
tourhood of S, four distinct points, say, P', V. S, Q', most exist 
ying on a circle. Henco in the are PQ, the angle POQ cannot con- 
tinuously increase or decrease as O moves from P to Q. Hence in 
the aro РОО the angle POQ cannot continuously increase or decrease: 
na О moves from Pto Q, for then, by the method of the above 
theorem, the angle PO’ would continuously increase or decrease at 
© moved from P' to Q. 

Cor. C-—If in an are POQ there be a cyelie point S, then a minor 
am PSQ can always be found such that the tangenta PT, QT at 
Р, Q are equal, 

For, in the neighbourbood of 8, four distinct points I^, IW, 8, Q* 
are obtainable lying on а circle. The point S will be between P^ 
and Ф. — Keep RS fixed and vary the circle till PR’ or SQ’ coin- 
olde, Then еер these latter coincident pointe 6xed, and vary the 
cirele till the other two points coincide. 

Cor, D—It POQ be в positive non-cyclie arc, en the redis 
of curvature at О continuously increases ва O moves from 
роф. 

Cor, Е—И in an are POQ there be а cyelie point S, then the 
radios of curvature bas » maximum or minimum value at 8, 

For, the circlo of curvature at 8 as it passes through four conse- 
cutive pointe at 5 falls entirely above or below the arc at S. Thus 
if arc PS be positive, are SQ will be negative and vice verao, The 
cireles of curvature at Р mod Q will, therefore, both be less or both 
be greater than the circle of curvature st В. 


Theorem У.И POQ be а noneyclic positive are, and S any 
fised point on it, then angle POS will continuously decrease as O 
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И PRSQ be so infinitesimal are, RS any minor chord parallel to 
PQ, and M, N the midpoints of PQ, RS, then the line through M. N. 
in ite ultimate position is called the deviation ! axis at P. 

The angle between the norms! and deviation axis at P, both 
drawn outwards, is called tbe angle of aberrincy at P. 








ny conve infinitesimal are POQ, tho supple- 
ment 6 of the angle POQ, and tho angles a, б, which the tangents 
AP, О make with PQ. are infinitosimals of the first order and 
ultimately equal 

For, И В, Ry, Ry be the radii of the circles РОО, РРО, PQQ, 
respectively, then R, Ry, №, are finite and ultimstely equal to the 
dina of curvature at Р, 

But, PQ=2 sin 42H, vin «-2R, sin A. Therefore, 0, а, 8 
are ultimately equal infinitesimals of the first order 

Cor, A—i PT anil QT be tangents at P and Q then РТ and QT 
fare ultimately equal, and the ғ of the circle РОТ is ultimately 
‘equal to half the radius of the circle of curvature at Р. 

Cor, H.—The differonce between the are PQ aod chord PQ is lese 
than a quantity which is an infinitesimal of the third order. 

For, the convex are PQ. falling inside tho triangle РТО, has 
Jength between PT+TQ and PQ. Hence the difference between the 


sre and chord is less than PT'+TQ—PQ or Br sin j E sin Е 
which is again less then r«3 (a + 2). 


Cor. C,—The differepoe between 6 «ad sin û is less than а quantity. 
which is an inGnitesimal of the third order, 6 being of the first order. 


Theorem VII The angle of aberraner, sta eyclic polot on a 
convex aro, vanishes, 

Let O be в сусе point, Take any infinitesimal are POQ. Then, 
from Cor. C, Theorem IV. а smaller are P'OQ' can be always found, 
such that the tangente PT and Q'T at P” and Q' are equal. There. 
Toro, И Y be tbe middle paint of P/Q’, TR is nt right angles to PQ. 











3 Tronson introduced the term * бана cris, or which alcun sabsituted 
aberreney arr’ Tronson called tna В the rote of deviation from cireular form, ав 
ааа «еа which Salmos cut dows to aberraney.” Both, 
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Now, TR becomes the devistion axi» at О, uli 
jhe Ulloa ec ы О онды ЭМА Ves Soa SC ea 
of aberrancy vanishes 


Theorem IX.—The partial rate of variation of the radius of | 
curvature, at any point P of a non-cyelie aro, is tan à, where ê 
‘angle of aberrancy at Р. 

Take an infinitesimal aro РИЗО, where RS is parallel to PQ. 
Theo, frora Theorem VI, we bave tan b= j , where UV ix the div: 


tance between the centres of the circles RSQ and PES. Now, itis 
emsily socn that UV is ultimately equal to the difference of the radii 
of the circles RSQ and PRS. Нерсе, tan ё ів equal to the partial 
rato of variation of the radius of curvaturo at P. 

Cor, А.И PQ be an infinitesimal oon-cyclic arc, then the 
difference betwoen the radii of the circles PQQ and PPQ is PQ tan à, 
for, the circle РРО is transformed into the circle РОС by a singlo 
vbange of P into Q. 

Cor. B.—The complete rate of variation of the radius of curvature 
at any point P, of a convex аго, is fan 3, where 4 is the angle of 
aberrancy at Р (Transon's Tbeoreti). 

Жог, the complete variation of the circle of curvature PPP into 
QQQ. imay be effected by three equal partial variations, vis., that of 
P into Q these times repoated.! . 


‘Theorem Х.—И PT, TQ be tangents at P and Q to à positive 
non-cyclic infinitesimal am PQ, the difference of PT and ТО ls 
ultimately equal to Ra? tan 5, whore û is the angle of sberrancy 
and R the radius of curvature at P, and а the angle TPQ. 


For, if H be the angle РОТ, then 


M нешишна 


in 














? The above simple and general dessoastraticn of Transa’, Theorem ia serd on 
the conception of partial rate 
_ Ме theorem trom properties of socie» (Liceville, Vol, VI). 












10 GEOMETRICAL PAPERS 


I-PT _ radius of PQQ radius of cirole P 
M — о of FQQ + of circle Р! 


А ТЕЕ 


or, TQ-PT=Ra* tan ё. 
Cor. A—a— A= 2? tan à 


‘Theorem ХІ. Oy, Os. O, be say three points on the positive 
‘nop-eyclic infinitesimal arc POQ, then the radius of the circle 
0,0,0, is equal to ЦІ + Ж, +a; +») tan B). where ay, 
‘the angles which PO,, РО. PO, make with the tangent at Р, 
angle of aberrancy and R the radius of curvature nt P. 

For, the radius of circle 0,050, is evidently 


R+ (PO, +PO,+PO,) tan 3e R&2R (ь +ag +05) tan 3 








wince зп= PO) PO; POs i, the limit. 
m E" 





‘Theorem XII,—1t * and I be the lengths of the аге and chord of 
‘any positivo non-cyelic infinitesimal arc PQ, then «ele 2R (a + 2a? 
den 0), where 8 is the angle of aberrancy and B tho radius of 
curvatufe ab P, and = the; angle which the tangent at P males with 
PQ. ^ 

For, i TV be the radius of the cirele PPQ. thea, by Theorem ХІ. 

W=R(1 +2» tan д), 


‘Therefore, chord РО =2В' sin a = 2Ma = ШИ!» + 289 tan 8). 

But the are PQ differs from chord PQ by an infinitesimal of the 
third order. 
‘Therefore, э=1=2Н (а + 22* tan д). 

gerne ct Or Os б. Kase See side on the non- 

‘eyelic infinitesimal are PO,0,0,Q. the angle O,0,0, is equal to 

EE Met a m car NY RA angles wbicb PO), 
POs, PO, make with PT. 


Let angle 010,0552 
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‘Then, sin cn 0 and sio taza) = 905. where В, 
Вуз moan the radii of the circles 0,0,0, and РОО, 


tively. 
Pus. m ELE, tas) tan 0) 
12а +2) tag tas) tan. 
71-725, ten ё. 
‘Therefore, ¥= (ag =a) (1-25, tan 3). 
Cor. A.—Angle POO, =» ү(1—»у tan 8). 





Theorem XIV.—In any non-yelis infinitesimal are PO,O,Q.. 
chord 0,0," (PO, —PO,) + Rees (aa #1), neglecting infinitesimal 
of fth order, where ө, ag are the angles which PO, POs make 
with tho tangent a R is the radius of curvature at P. 

Wo have, by trigonometry, 


0,04+PO,~PO,=8Ry, vin PO yin 902 gin 01202-01012 


Bul, Hag Н +», +05) tan 2) 








вв 91 P0, — En 
sia таст 
vin OP „з п-да < 


sin ОРОу+О,ОуР „ә, رة‎ + (72, tan в 


=ра-® tan 8). 
‘Therefore, 
0,05 * PO, - PO, = Rog) aja, (1+0 lan 4) 
= Rlog—ay) arog. 





: 1 between the lengths of arc and 

chord of an infinitesimal non-cyelic are PQ is | Rað, neglecting i 

Tm DET cS redius of curvatore at P. 
the angle between chond PQ and the tangent at P. 
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Divide angle a into an infinite number of small parta (say n equal 


paris where n is large), by the lines PO,, PO,, PO,, ete., where Qj. 
“Оу. O,, ete., are pointe on the are PQ. 


Then «=X O, O, intbelimit when nom 
123 (00, =PO.) 


«Ia X50,., 0, + PO,.,~PO,) 





E E Rie, =e) ert 
] «аваа 


=}R?-} RI Farmari)" 
=} Re. 


ee re (ie = 
Since L4 Xer = улеа е “Be Paa mo, 


Cor. A.—The difference «=1 is independent of 8, if we neglect 
. infinitesimala of fifth order, R and » being given. 
бот. B. —8in à 8-05, nwglecting infinitesimala of fifth order, 


Dor. C.—Ahres of segment, bounded by s and 1, 
Е БИТИГ 0%, _)ten 8}(by Theorem XIL( 








_ Bat 722, ررد(‎ Elat, at, mh mei) t л)! 
— curvature be finite and continuous 












NEW, METHODS IN THE GEOMETRY OF A 
PLANE ARC 


I—Cyolio and Sextactio Points ! 
ву 
8. Мокпоғаэитата (1000) 


The following paper introduces certain simple geometrical 
methods applicable to the general theory of plane curves. Tt brings 
into prominence a certain class of singular points, on a plene curve, 
to which, it would appear. suficient attention hax not been given 
hitherto. If we suppose n consecutivo points to travel steadily 
along а given curve, and carry on their shoulders an osculating 
‘curve of ^ given kind, which varies continuously as ib moves, then, 
upon the given curve, we shall usually ba 
singular points, whore the osculating curve halts momentarily. At 
each halt, a change of shoulders is effected. The resrmost moves 
off and the foremost receives an accession, or. the foremast goes 
away and the rearmost is strengthened. For the moment the 
osculating curve is borne on т + 1 shoulders, that is, by one shoulder 
‘more than would suffice to carry its foll weight, 

In the present paper two members of this clase of singular points, 
the cyclic ad the sextactic, bave been studied together, more speci. 
ally io relation to an elementary convex oval. 

A cyclic point ix a singular point, on a plane curve, where the 
cirele of curvature passes through four consecutive points, instead ol 
three. A sextactic poiat i» a singular point, where the osculating 
Conie passes through six consecutive points, instead of five. Ata 
Cyclic point, the circle of curvature may touch the given curve, 

у 


+ тке Bali of the Clita Мыиа) Sein, Ve. 3, 1909. 
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‘internally or externally. Tn the former casa, the point will be called 
inceyclic and in the latter case, ez«yclie, Similarly, at a sextactic 
point, the oscolating conie may touch tho given curve internally or 
externally. In the former case it may be allowable to call the point 
in-neztactic. and in the latter onso ez-sextactic. With this much 
of introduction, we may proceed to demonstrate в number of 
interesting propositions 

Prop. 1.—И any circle meet a convex arc, at four pointe, О, О, 
О», O, then there must exist o cyclic point on the aro, between the 
two extreme poiats O; anil Og, but not coinciding with O, or О, 

Prop. П.— аву conic meet а convex вте, at six points, О, Os. 
Op, Oy. Os, Og, then, there must exist » seztactic point on the arc, 
wean the two extreme points О, and Og. but not coinciding with 
0, oF O, 


In Proposition I, we shall suppose that the circle through any 
Ahron points of the sre varies continuously, as the points are moved. 
in any manner, along the oro. This. of course, implies that the 
radius of curvature varies continuously but does not exclude the 
possibility of ite becoming zero or infinite at a cyclic point, 

Io Proposition Il, we shall suppose that tbe conie through any 
‘five points of the arc varies continuously os the pointe are moved, 
‘in any manner, along the are. This conlo must either be an ellipse, 
a parabola, or а hyperbola. In the last case, the five pointe of the 
are must necessarily lie on the same branch of the hyperbola, for, 
fivd points, distributed on two different branches of a hyperbola 
ао, evidently, lie ов the samo convex are. For the purposes of 
thia paper, wo shall syppose that the conio through any five pointe 
ol the aro, is always an ellipse, although this restriction is not 
necessary for Proposition IT. 

‘To prove Proposition I, it should bo noticed that tbe four pointe Oz, 
Os. О», О, determined by the intersection of a circle with the given 
are, can be varied in position along the are, by a continuous varia- 
ion of the circle of intersection. Suppose we vary any two adjacent 
Pointe 01, Os. by varying the circle, in such a way, that the remain- 
Ing two points О, О, through which tho circle passes, remain fixed. 
n m андиша Оу Di as clone as we like. 

we thus ny two adjacent points О,, Og, it is 
to be understood, that they come indefinitely clove, while Oy, О, 


























remain блай, but that tbey never overlap or cross each other or any 
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other point, e.g. O, or O,. The order of the points O, Og, Оу, Og 
is therefore, strictly maintained. This will be obvious if we notke _ 
that circles through two fixed pointe cannot cross each 
again. 

Draw together, first, Og, О, and then Oj, Og ond then Og, Oy. 
tho romaining points, during exch operation, continuing fixed. At - 
the end of this cycle of three operations, O, and О, will have come 
eloscr together than at the beginning. By repeating this cycle а 
large number of times, wo can bring the two extreme points Oz, О, 

as close togother as we like, so that, ultimately, Oy, Os, Oy, O, will 
bave all come together at some point lying between the initial 
positions of O, and O,. In fact, if Оу, Og. Oy. O, do not come 
together ultimately, then there must be a minimum separation 
between O, und Oy. But this is impossible, for so long as the arc 

0,0, is finite, it can be sbortened by repesting the abovementioned Б: 
‘cyclo of operations by а finite quantity. 

The ultimata point, where O,. Оу, Os. О, all come together, will 
be in-oyotle or ex-cyetic. according as the circle O,,04,0,,0, crosses 
in or crosses out at O,, initiolly, ‘This will be so, because the onder 
of tho points Оз. Оз. Oy. O,. is maintained during each operation. 
Jt la possible, however, that during an operation, an extra polr of 
intersections, say. X, Y, moy arise between » pair of adjacent points, 
‘say, between O; and Oz, In that case we may drop O, and X, and 
go on repeating our cycles on the shorter аго YO,O,0,. Evidenjly 
the circle O,XYO,0,0, will cross in or cross out at Y ow it doce 
at 01. If am extra intersection, say Z, exist beyond the extfemities 
01, О, then during the cycles of operation it will always move 
further beyond, 

‘The proof of Proposition IT is exactly similar, and similar obser- 
vations apply to it. Tn this case, the cycle of operations may be 
described as follows: Draw together, first. Os, O,. and then, in 
succession, the pairs (Oy. Os). (Oy, Os). (01. Og) sad (Os. Ou), the 
remaining four points, during each operstion. continuing fixed. As 
conics through four points do not cross each other again, the order of 
the points О, Оу, Oy, Og: Оу, Og will be strictly maintained during 

_ Prop. 11I.—On avy elementary oval. there must exist nt least four 
yelle pointe. two in and two ex. 

Prop. IV.—On any elementary oval. there must exist ot least «ix 
желсе points, three in and three ez. 
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To prove Prop. Ш, draw а circle through any three pointe О. 
Op, O, on the oral. This circle must interssot the oral again, (n а 
fourth point O,. эл two closed figures intersect in aa ovea number of 
pointa. Supposs ths circle O,0,0,0, crossos im aad out, alter- 
nately. at Oy, Os. Oy. Oy To obtain the in-cyolic points, draw 
together Oj, О, м Oy-O,, and Oy, О, ab 0,01. so that the circle 
J, 04-0, bas internal double contact with the oval at О, О, and 
i: There must now exist sa in-cyclie point, ín each of the arcs 
J 04-0; ani 04:0; 04:05, by Proposition І. Thus two inoyolie 
points. aro ostablishod. Similarly. if we draw together O,, Og at 
04-04 and O,. О, st O,-O,. we shall havo an ox-cyclic point. in each 
ol the arcs 0-0, 0,0, snd 0-0, 0,0, 


Prop. ТУ is proved in а similar way. Take any two equal 
parallel chorda 0,0, and 0,0, in the oval. Then a conic through 
Oi Og, Oy, О, and any fifth point О, on the oval must be an ellipse. 
for, two equal parallel chords cannot lie in the same branch of 
hyperbola. Let the ellipse through О. Og, Oy. Oy. O, meet the 
oval again st a sizib point Oe. for, two closed figures must intersect 
at an even number of points. Suppose O, Og, Os. Og, Os. Og lie in 
onder om the oval, and the conic through them crosses În and out, 
alternately, wt О,, Os. 0, Os, О». Og. To obtain the in-soxtectic 
pointe, draw together O,, O, ut O,-Os, aud thon Os. O,. ab 05-04. 
aud. finally, O3. Og. st 05.0, 


* Then. the ellipse 0-0, 0,0, O,-O, bas internal triple contact. 
with the ovel at O,-0,. 0,0, OO. Therefore. from Proposition IT. 
we conclude, that ters, must be an in-sextactls point іа each of the 
ме 04-05 05-04 0-04 05-04 0,-0, 0,-0,. 0,0, 0,0; 04-04. 
‘Thus there will be, at least, two ta-sextactic points on the oval. Let 
these (wo in-seatactic pointe be X. Y. Draw а narrow ellipse having 
intemal double contact with the oval at X, Y. Lot this ellipse 
grow. maintaining double contact with the oval at X. Y, til it 
touches the oval internally again at а third point Z. which may in 
special cases coincide with X or Y. ‘Then, by Proposition II, there 
mmus be snother lo-sextantis point in the are 
in-sextactio pointe are demonstrated. In exactly 
ex-sextactio points on the oval can be proved. 

The following six propositions refer to ares which are either non- 
eyolic or non-sextastio. А moncyelic are is one which does not 
‘Possess в cyclic point in it, except it may be ab the extremities. A 
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nou-sertactio arc is one which does not possess a vaxtactic point 
‘xcept it may be at the extremities On the вов-сусе are 
suppose that the circle tbrougb any three polate varies contia, 
Ов the non-sextactic arc, we will suppose that the conic through any 
five pointe varies continuously and is, во fer ва this paper goes, 
always an ellipse. 

Prop. V.—It 0}, Og, O, be «ay three pointe (о order, ой anon- 
eyelic are, then the radius of the circle 0,0,0, will 

‘increase (or decrease), ifthe polate О, Os. O, be shified io sa — 
tanner, along the arc, io the samo direction, provided the order of 
the pointe be maintained and the angle 0,0,0, be never lem iban 
a right angle. 

Prop, Р1,—И Oy, Оз. Os. Os. О, be ару üve points on а non- 
еген are, then the area of the ellipse 01000,0; will contiou- 
ously increase (or dosresss), if the points be shifted. in ау manner 
along the arc. in the same direction. provided the order of the pointe 
be maintained and the pointe be потег so far separated from one 
another, that the elliptic are 0,040,0,0, exceeds the somi- 
ellipse. 

‘To prove Proposition V. suppose the ройи» O,, O, O, are shifted. 
one by ове, in order, along the arc, in the «ame direction. Then 
during the shifting of osoh point. the radius will continually increase 
(or decrease). If not. suppose, while О; is being shifted, О, and O, 
retaining their positions, the radius at frot increases and then 
decreases, or at first decreases and then increases. ‘Then О; will 
‘have two positions X, Y, between O,. Os. ruch that the radius of the 
ciroles O, XO, and O, YO, are equal, Therefore. we must have angles 
0,Х0,, O,YO, either equal or supplementary. But they cannot be 

plementary. as then one of them will be acute, which is agains 
hypothesis. Neither an the two angles be equal, for then the four 

points О. X, ¥. О, would be can-cyelic and there would be а cyclic 
polnt on the gira arc, which is also against hypothesis, 
To prove Proposition VI, suppose the points 0). Оу, Oy, Os. Os 
lhifted in order, one by one, in the same direction, slong the arc. 
‘Thea during eseh shifting. the area of the ellipse O,.0,,0,,0,.0.. 
will continually increase or decrease. If not, suppove, while any 
one point Оз is being shifted, the others retaining their positions. 
fhe area at fret increases and then decreases or at first decreas 
кт өп increases. Then О, will have two positions, X, Y, between 
á F 
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О» and O,. for which tho ares is the samo, that is, the area of the 
ellipse O,05XO,0, is equal to the area of the ellipses O,0,Y0,O;. 
But it is easily shown that tbe two areas cannot under the circum- 
stances bo equal (see following Lemma) unless the two ellipses coin- 
cide, Therefore O, Os X Y О, O; lio on the samo ellipse, that is, 
there i» a sextactic point on the given arc, which is against 
hypothesis. 

Lemma.—It 0,0,X0,0, and O,0,YO,O, bo two eiliptio arcs, 
‘each less than the corresponding semi-cllipse in length, thon tho aren 
‘of the first ellipse will be greater than that of tho second ellipse, 
provided arc O,XO, pane above the arc O, YO, 

Convert by orthogonal projection the first ellipse into а circle C 
‘and the second ellipse into amothor S. With samo lettering, the aro 
04XO, of C will pase above the arc O5 YO, of 5. 

"The semi-diameters of 8 which are parallel to 0,0, and Оу 
respectively, are equal a» 0,0, and 00, are equally inclined to the 
axis ofS, The semi-dinmeters conjugate to tbose are tberolore also 
equal. 

"The centre of S falls below 0,0, as O, YO, is loss than a somi- 
ellipse, Hence tbe diameters of S which bisect 0,0, and aro parallel 
to O,0,. respectively, both fall ontirely within C. Thus esch of two 
‘conjugate semi-diameters of S is each lew than the radius of O, 
Whence tho theorem follows 

Prop, Ш.И О,, Og. О, be any throe in order, on а non- 
'eyelie ire, then the circle 0,040, will always cross in st О, and Og, 
‘or always oros out at О, and Os, in whatever way wo displace 
Oy: Og. Oy, along the are, maintaining their order. 

Prop. УШ, Oy, Og, Os, 04, О, be any five pointe on а non: 
soxtactio аге, then the conio O,050,0,0, will always crow in nt O, 
and Os, or always cross out at О, and Оз, in whatever way we dispiace 
‘the points O, Os, Os, Os. Os, along the arc, maintaining their rela- 
tive order. 

‘The above two propositions bardly need a formal proof. Io 
Proposition VIL, the cutting in or cutting out at O; or O, ова only 
‘be sersaned, if an extra point of intersection X arise bayond O, or O,. 
But this is impossible as the ar i» non-cyclic. Similar remarks 
apply to Proposition VIII. 

Prop. 1Х.—И AB be а non-cyelic are, in which any three points 
01, Оз, О, being taken, in order, the circle 0,0,0, cuts in st O, and 
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O, then the circle of curvature at A falls entirely within the circle 
of curvature at В.! 

Prop. X.—lt AB be a non-sextactio arc, in which any five points 
Oj, Os. Os, O,. Os being taken in order, the ellipse 0,0,0,0,05 
outs in at О, and Og, then the osculating ellipse st A falls entirely 
within the osculating allipse at В. 

То prove Proposition IX, move O}, Os. Оу, to A, so that wo got 
the circle of curvature AAA ab A, which falls below the arc AB. 
Similarly if we move О, Og, O, to B we got the circle of curvature 
ВВВ st В which goes above the arc. Therefore, the circle AAA 
falls within the circle BBB, if we only consider portions above the 
chord AB. И we move 05, Og to B and O, to A, we get the circle 
ABB, which falls below the аго and outs AAA at some point C, 
above the chord AB. The circle ABB, which falls below the aro, 

"touches at B the circle BBB, which goes above the arc, Therefore 
circle ABB falla within the circle BBB. Again tho circle ABB outs 
the circle AAA at A and C, therefore, below the chord AB, the circle 
AAA falis wighin the circle ABB, and, therefore, much moro within 
the circle ВВВ. ‘Thus the circle AAA falls within the circle BBB, 
both above and below the chord AB. 

Analogous proof holds for Proposition X. BringO,. Os. Og, to A, 
and 04,0, to B. Then ellipse AAABB falls below the given are: 
If we bring down to A the other two points O,, Оу, also, then the 
oseulating ellipse AAAAA will fall below the given aro and cut the 
ellipse АЛАВВ at some point C, above the chord AB but below the 

мап >т. Therefore. below the chord AB, the osculating ellipse 

‘AAAAA falls within the ellipse ХААВВ, for these two elipsas bave 

the four points A, A, А, C, common, and hence they cannot intersect 
again. Similarly, the ellipse AABBB goes above the arc and cuta 
the osculating ellipse ВВВВВ, which also goes above the arc, at 
some point D, above the are. Therefore, below tho chord AB, the 
ellipse AABBD falls within the ellipse BBBBB. But ellipses 

AAABB and AABBB have double contact at A and D, and the 

former goes below the aro and the latter above, therefore, the former 








Te has been noticed before by P. О. Tait, and comes eusliy by assuming the 
"бәре of the evolote between two centres of curvatare C and C', for, if p and y be the 
radii of earrafare, then p ~ £ i greater (han the chord CO’ of the 

volte (Sientióe Papers of P. G. Tait, Vol. II, р. 402). 
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falls entirely within tbe latter AABBB. Hence below the 
АВ, the ellipse AAAAA falls within th» ellipse BBBBB. 
since the former goes below the are, and the latter above, 
above the chord AB, the ellipse AAAAA falis within the 
BBB. Thus the ceculating ellipse at A falle entirely 
osculating ellipse at В. 

If may be pointed out tbat the director circle to the owculating 
EE eee pat vii e Rector ride he Mo osoulstiog 
«Шри аі В. 







NEW METHODS IN THE GEOMETRY OF A PLANE Al 
1L,—Cyelio Points and Normals ' 
т 
В. Мокпоғаонтлуа (1919) 
Ixrnonvoromx, 
А Convex Aro for the purposes of this paper will be defined as 
follows :— 
@) Tt is а continuous curve bounded by two extremo pointe. 


(i It hax a tangent at each point and а positive sense along the 
tangent which turns continuously in the same direction 


ji (iii) No straight line meets it at more than two points. 
| бе) ‘The circle determined by any three polpt« of the are vari 
in а continuous manner with the determining points. 








А convex ova! may be defined эл a closed curve of which every 
aro is convex. 


| A The are ое oval will lie entirely on the right of cack tangent 
taken in the positive sense. ‘The positive.sense along any three. 
polatic circle will be similarly defines. 
ла aro NPQ of a circle C intersecting a convex are S at Р will 
he anid to i-cross S at P if it crosses from the convex to the con- 
cave side ab Р. and to eut-croes S at P if it pomes from the concave 
‘te the conven vide. 

re ae реч 

NL. consecutive points of S at P. 






€—— y. x, ima. 
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А circle © passing through three consecutive points of Sat P 
‘will be saîd to have cross-contact with S at P. 

1 NPQ be an are of a circle having cross-contact with S at P then 
ХРО will be said to in-eross S at P or oub-cros S at P according 
as NPQ pases from convex to concave or from concave to convex 
side of S at P. М NPQ incromes then we may say that the 
‘Portion NP has orer-contact and the portion PQ has undor-contact 
with 8 at P. 

H а clrele C pass through four consecutivo points of 8 at P then 
P is called a cyclic point of 5 and the circle C may be sald to have 
eyelic contact with S sf A oyclie рош! will be called wnder- 
‘ayolie or over-eyelic ! according as the circle С falls on the concave 
ог convex sido of 5 at P. 

We will denote an arc of В between P, and Pg by 8,5 and an are 
of © from Р, to Ps by С, and so on. 

A circular aro Cj, will be called cyclic to Sy, it it moets 8), 
in two or more points besides P, and Py, Tè willbe eitber under. or 
отаг, ог crosseyelic to 8. If it out-crosves S at P, and in-crossos 
8 ol Ру, it is under-cyclic to S,» and if it in-crosses 5 ві P, and 
\ош-ееоваев В at Р, it in over-eyclic to Бу. If C, у out-crossen S both. 
at P, and P, or in-erowes S both at P, and P, it is crosscyclic 
ГА 

А fundamental theorem which bas been established in my firat 
paper, relerred to, and of which we shall make frequent use ia the 
present paper, may now be restated in the following form : 


Ij a circular are Cy “ie under-eyelic. 10 
‘then there eritis at least one under.cyclie point on 8 
Ру. If o cireular are С ia overceyetio to S between Py and Pa, then 
‘ere existe at least one overveyclic point on В between Py and Pa, 
If а circular are Су й eron-eyelie to 8 between P, and Py, then 
ave єзїн at last one under-cyelle and r«ylie point on 8 
обу P, and аш cones — 
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Turok 1. Hu 


Jf Pi, P, P, be three points taken in order on a conver am B | 
and the normals at P,, Py, P, meet ata common point О, which 
is not the centre of curvature of 8 at Р, and which is towards the 
concave side of 8, ;, then there exists at least ome cyclic ром X- 
on S between P, and P, provided none of the angles POP, and - 
P,OP, exceed two right angles. The point X will be under-cyclio — 
or over-cyclio according as ОР; is a maximal or minimal normal, 





Cave L.—When cach of the angles РОР. and РОР, ba less than _ 
two right angles, 





We may suppose without any loss of generality thot OP, and 
ОР, are the two normals from O to 8, nearest to OP, on either 
nide, for, if X lie between the feet of two nearer normale on either 
sides, much more will it lio between the foot of two further normale 
ов either sides, 

Suppose OP, is а maximal normal. Then OP, is the maximum 
radius vector from O to S in the whole neighbourhood. P,PsP,, and 
fs therefore greater than both OP, and OP,. Draw а circle through 
T, to touch S at Ру. We will denote this cirele by Cand the are 
of this circle from Py to P, by Суз. Then since POPs ia lows 
than two right angles and OP, is less than OP; the are С; meets 
РО at an obtuse angle and therefore out-crosses B at Py, 

Similarly draw ө eirele © through Р, to touch 8 at Ру. Do- 
note the aro of this cirele from Py to Р, by, O's, Then C; will 
meet P30 at an acute angle and therefore will in-crons В at P. 

- ‘Then either C and С” will coincide or one will fall within the 
" other. 
ILC and C coincide then the circular ane P,P,P, will meet В 
under-cyclically between P, and P, and therefore there must exist 
at leant one under-eyelic point on S between Ру and P,. 
ИС ond ©' do not coincide, then one will fall within the other. 
‘The circle C will bave either under-contact or over-contact or 
cross-contact with S at Py. 
| C bas under-contact with S at Pa then Сү; must crom бу, 
somewhere between Гү and Ру. and consequently Сү, will meet 
S1 — between P, and Ps. Thus there ison under- 

‘point on В between P, and Pa. 
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Ш C bas over-contact with S ut Py then Суу produced towards 

P, will poss between Ву, and С'у,. fe. C will enter at Pg the 
space bounded by S5, and C's. C muat therefore come out of this 
space sê some point P, on Sz, between P, and P, Thus C meste 
and Py. 
Sat Р; theo Су, will either in-cross 
Sat Р; or out-cross Sat Pj In the former case there will be wn 
uunder-cyclic point on S between P, and Pz, and in the latter саве 
© will in-cross 85, at some point P, «nd there will be «n undor- 
сусе point between Ру and Р, 

Next suppose that OP, is а minimal normal. In this caso we 
сав prove, by reasoning exactly Jaimilar that there ix at leant one 
over-eyelio point on 8 between P, and Р, 

Caes L.—When angle РОР, ia less than two right angles and 
angle POP, (a equal to two right angles. 

Suppose OP; is a minim] norma! so that OP, and OP, are each 
greater than OP, 

Draw a circle C to poss through P, ond to touch Sat Pa. Thon 
beeauso the angle P,OP, is loss than two right angles and OP, ie 
greater than OP, the aro С; will meet P,O st. on souto angle and 
consequently C, p will in-cross 8 at Р, 

The circle C will either have overconiaet or under-contact or 
cros-eontaet with Sot Py. If С have orercontact with S at Ру 
then C will cros S between P, snd P, and consequently there 
will be an over-cyclic point om S between P, and Py. If C 
lave erópecontaet with S at Py then Суу will either outerow 
В м\ Py or in-cross S at Py, Та the latter case Сү; must crow. 
В between P, and Pg. So that in either cose there will be an over- 
суйе point ов В between P, and P. 

It C have under-contact with Sst P, then C will either meet 
В» between Ру and Р, at some point P, of fall below 85,. In the 
former case there is an over-cyelic point on S between Py aod P4. 

Tn the latter case draw the cirelo C' of rather the semi-circular 
arm C's, to touch Sat Pg and Py. I C's, have over-contact with 
БаР, and P, then an over-cyelic point on S between P, and P, 
jw assured. И C's, have contacts over and under or under and 
over at Py and P, then C's, must necessarily crow В between P, 
and P, and an over-cyclic point on З between Py and P, is 
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It Og) have undercontact with Sat Ру and P, then O 
enter the spaco formed by Ву; «nd Сү, at 
out-crow 8 at some point 
thore will be an over-cyclic point on В between P, and P3. 

Thus on the supposition that OP, is a minima! normal thare 
is always an overeyolio point on В between P, and Ру. 

Tf we had supposed OP, to be в maximal normal we could 
prove by similar reasoning that there is always an uüder-cyelic 
point on S between P, and Ps уй 






Совоцалвт то Тико 1. 

Ij the normals at P, and Py meet at Pa, then there in ot Least 
one over-cyolle point on S between P, and Py. If the normale at 
P, and Py meet at Py, then there is an over-eyelic or under-oyolle 
point on S between P, and Ру according as PP, is а minimal or 
mazimal normal, 












Taronga П. 


1f OP, and OP, be two successive normals to a convex aro 8 
from a point О, on the concave side of S, including between them 
ав angie not exceeding two right angles, and if O be the centre 
‘of curvature of S at Ру, then there is at least one cyollo point 
оп S between P, and Py, which is under- or over- according as 
OP, ls less or greater than OP. 

Suppose angle POP, i» less then two right angles and OP, 
is Jeo than OP, 

‘Draw а circle C to pass through Pj apd touch S ab Pj. Then 
the are Cis of this cirole will meet OP, at an acute angle and 
consequently out-cross В at Ру. 

Draw a circle ©' with centre О and radius ОР, Then O is 
‘the cirele of curvature of В at Р; and touches C externally at Py 
as OP, i» greater than OP,. The circular are Cy, will thorelore 
dave under-contact with В at Ps. Consequently Су; must incross 
В wt some point Ру between P, and Py. Thus Су; ix under-cyclio 
“to 8 between P, and Py which ensures the existence of on under- 
cyclic point on S between P, and Р, 





“AL we suppose tbe angle POPs to be equal to two right angles, 
‘then Cy» will bare ondercontaet with S at Py and either under- 
or over-contact with S at Py. In the former case Сү, i» under- 

е to S between Ру snd Py and in the latter cose Cyg is crosse- 


» 
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суейе to S between P, and Py. In either caso the existence of 
an under-cyelic point on 8 between P, and P, is assured. 

If OP, in greater than OP, tho existence of an over-cyctic point 
ûn S between P, and Py can be similarly established. 

Tn this theorem we have supposed О to be the centre of curva: 
ture of Sa Py. The centre of curvature of В at P, will in general 
һе not at O but it can be st O as а special case. 


Совошакт то Taronzw II. 


If the centre of curvature of S at a point P, be a point P which 
Ха оп 8 then there is at leant one under-cyclic point on S between 
P, and Py. 

‘he three following theorems follow at once from Theorems I 
and П aod their corollaries : 








Tmxonxx Ш. 


It from a point O on the concave side of a convex aro 8 It be 
possible to drawn normals to 8, and if the angle between any 
pair of successive normals do not exceed two right angles, then 
there are at least n—2 cyclic points on S between the feet of the 
first and last normal, 


Tasos IV. 


1 from а point O Interior to а convex oval |t be possible to 
draw n'normals to the oval, and if the angle between any pair 
ot successive normale do not exceed two right angles, then there 
fare at least л oyello points on the oral. 


Тиховам V. 


1f from a point O on a convex oval it be possible to draw n 
‘normals to 8 excluding the normal at О, then there are at least 
т+1 cyello points on the oval. 


Н in the above theorems О be tho centre of the circle of curva- 
ture at P for any nonna! OP, then such а normal bss to bo counted 
‘twice, И in addition the point P be a cyclic point, then the 
‘normal OP has to be counted thrice. 











GENESIS OF AN ELEMENTARY ARC! 


* 
S. Moxuorapmyara (1026) 


1хтйоростоят. 


Tho development of the theory of elementary curses is primarily — 
due to C. Juel of Copenhagen. P. Montel has reviewed C. Juel's - 
work in the Bulletin de» Sciences Mathematiques, 1024, Part I, as 
also that of S. Mukhopadhyays on similar lines, A Bibliography om 
the subject occurs at the end of P. Montel's review. 

©. Juel's concept of an elementary arc is exposed by Р. Montel 
as follows: 

It is necessary above all, to define the simple element which 
serves ns the basis for the construction of plane (elementary) curves, 
which we proceed in the first place to study with M. Juel, Let us 
inniugine an are of а continuous curve with extremities A and B; if 
this arc encloses with the chord AB, a convex domain, one can 
easily deduce from this the existence at each point of the aro of an 
anterior half-tangent and а posterior balf-tangent. To this let us 
add the condition that these balf-tangents have tbe «amo direction; 
our аго shall then possess, at cach point, a tangent varying in a 
continuous manner with the point of contact. We shali thus obtain 
am elementary arc. Such an are is met in two points at most by «a 
straight line; one can draw to it two tangents at most from a point. " 

‘The definition of on elementary arc us outlined above, assumer 
that we know how to define a continuous curve in n satisfactory 
way—o thing which we perhaps do not know. The arc has шь 
defined proportions and as such is of more limited uso than the one 
defined in this paper. 

The way in which an elementary aro bas been evolved in this 
paper from a chain of cellular elements may prove interesting to 
{Geometers as o novel solution of the problem of the plane elemen- 
tary arc on rigorous lines. 

2. Consider an ordered set ola finite umber of points A, P4, 
PaPa- Віа а restricted domain on а plane which may be 
Euclidean or non-Euclidean. The train of n sects AP). PiP... 
P,-:B constitutes а lincar chain of rank n. The points A, Py, 


* Prom Bulletin of the Calcutta Mathematical Society, Vol. ХҮП, 125. 
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В will bo supposed oll distinct. excopt that В may coin- 
Gido with A. In the latter case the chain is closed and in the for- 
р mer caso the choin is open. 
| Та tbe open linear chain of rank m there are я—1 vertices Py. 
P. and two extremities A ond B. In the closed linear 
| chain of rank п there аге п vertices and no extremities. ‘The order 
A, Py. Ру.....Р,-., В will be called the positive order on the chain 
ав distinguished from the order B, P, Ру, A which will be 
alled the negutive order on the chain. 

Boch of the sects AP}, Py Р;,......Р,. В will be called а trace 
of the chain, ‘The trace PQ will be considered positive or negative 
according as P procedes or succeeds Q in the positive order on the 
chain, "he extremities P and Q will be incloded in the traco PQ. 
‘Two consecutive traces PQ. QR can have only one point Q common 
unless they overlap. If во two non-consecutive traces bave a com- 
| ‘mon point and И two consecutive traces have only one point com- 

mon, the chain will be called simple. 
3. If PQ and QR be вау two consecutive traces of а simple chain, 
Р, Q. R being in positive order, then QR will be either to the right 
ог to the left of PQ or in the prolongation of PQ. In the first case 
the chain will be said to have а positive trend, in the second а negative 
trond and in the third case а sero trend, at the vertex Q. The 
absolute amount of the trend at Q is measured by an angle less than 
ro right angles between the directions of PQ and QR taken positively. 
* Иа simple chain bas at every vertex Q a trend of tho samo 
sign. with the possibility of a zero trend at some, the ebain will be 
'enlled monoctine or of wnilateral trend. A monooline chain may be 
! eltbar positively or negatively so, that is, it may be either of destro- 
lateral or of leto-tatervl trend. 

А simplo closed mono cline chain is called a convex polygon. We 
may suppose that in a convex polygon the trend does not vanish ot any 
vertex, so that there are exacily n bounding lines in а convex polygon 
of rank n, consisting of the n traces of the simple closed mono-cline ~ 
chain which defines it, 




























Ташов. 

4. ) А convex polygon lies entirely on the same aide of sach of 
ile bounding lines, that te if PQ be ony bounding line, (акеп in the 
 potitiee sena, all the other bounding lines will jall on the right side 
Ee и. Sr 


— — 







and 
à — "This contradicte Theorem (). 
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(ii) No straight line which does not pass through two comsecu- — 
tive vertices can meet a convex polygon at more than two distinct 
points, Ы 

It is usval to assume Theorem () as the distinguishing property 
of а convex polygon and to deduce Theorem (i) trom it. Theorem 
() however can be proved from definition of а convex polygon aw 
follows 

Suppose, if possible, that such a polygon lies partly on one side 
und partly on the otber side of abounding line PQ. Suppose NP 
and QR are respectively tho bounding lines which immedintely 
precede ond succeed PQ, N. Р. Q. R being in positive order on the 
polygon, which we will suppose, has a dextrolaters| trend. ‘Then 
NP and QE lie on the right side of PQ. but as part of the polygon 
lie» to the left of PQ by hypothesis, PQ meets the polygon. again at 
some point X. Suppose X lies on PQ produced towarls Q. so that 
the part of the polygon between Q and X lies wholly to the right of 
PQ, as QR is to the right of PQ. Тот ОХ sbout Q towards the 
right till QX falls along QR. Thon X will either coincide with Jt. 
or have а distinct position X, on QR produced towards R. In tho 
former case, suppose RS is the bounding line immediately succeeding. 
QR, so that X finally travels along RS (o resch 1t. RS is therefore: 
to the left of QR whereas PQ is to the right of QR, which is im- 
possible as the polygon has a unilateral trond. 

Та the latter case, turn RX, орып to the right till RX, falls 
alg RS. Then X, will either coincide with S or will have a distioet 
position on RS produced towards 8. 

The former ів impossible and the latter leads to the répetition of 
libe process of rotation to the right. But the number of vertices of 
the polygon which may lio between R and X is finite and consequent- 
ly the number of possible rotations to the right will soon be exhaust- 

_ өй, rendering the alternstive position of X impossible, Tho» 
Theorem (i) cannot be false. 

"To prove Theorem (й). suppose, if possible, а straight line other 
‘than а bounding line шее!» the polygon at three distinct pointe U. 
у, W, in positive order on the polygon. Then V must also lie bo: 
tween U and W on the straight line UW os tbo polygonal chain i» 
simple. Suppose V is an interior point or end-point of the bounding 

line PQ, во that U and W lie оп opposite sides of PQ. The portions 
JW of the polygon will therefore lie wholly or partly on 
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5. Consider s simple chain A P, Ps-...-.P.-, B of unilateral 
trend all of whose vertices Пе on the same side of AB. Such а 
‘chain may bo called a coneez chain, 

Suppose all tho vertices of н convex chain AP, P,......P,-,D ate 
interior points of n triangle АТВ such that the angle between AT 
produced and TB is less than а given acute angle а. Also suppose 
AB is less than a certain length /, so that the exterior angle theorem 
holds for the domain enclosed by the triangle, The tringle АТВ 
‘will bo called the principal cell of the chain and the chain AP, 
1... Р.-10 will be called an elementary chain of cell-anglo<a 
nod base ARI. 

TE ХР, PQ, QR bo any threo consecutive traces of an elementary 
chain in cell АТВ then each of these traces produced positively will 
meot ТВ and produced negatively will meet AT. Consequently NP 
produced positively and QR produced negatively will intersect at 
some point U interior to the triangle АТВ, such that tbe angle 
botwoon the positive directions of NP and QR is less than а. Alto 
PQ<AN<I, for if PQ produced meets AT at U and BT at W, then 


PQ<VW<VB<AB, 











‘Tho triangle РО will be called an elementary celt on trace PQ 
ûr carried by trace PQ of the elementary chain АРуР,........Р„.В. 

‘The elementary cell оо initial trace AP, will be a triangle AXP, 
whore X is the intersection of P,P produced negatively and a line 
AX whioh lice betwoon AT ond AP, and determined in any consistent 
manner. Similarly the elementary cell on final trace P,.,D is a 
triangle BYP, , where Y is tho intersection of Py.gP.-, produced 
positively and а line BY which lies between BP,., and BT and 
determined in any consistent. manner, 

‘The elementazy cella carried by the successive traces ofa given 
elementary linear chain form an elementary cellular chain carried by 
‘given clementery linear chain. It may be observed that each 
elementary cell falls entirely inside the principal cell of the chain 
with the exception of tbe initial snd fins! elementary calla which 
dave а corner at A and В respectively, If PQ and RS are two 
on wijscen* traces of the elementary chain then the corresponding 
elementary cells will lie entirely outside one another. 

6. The length of the longest traco of a linear chain will be called 
‘the head of the traces and that of the shortest traco will bo called the 
‘tail of the traces. The magnitude of the largest of the elementary 
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cell-angles of а cellular chain will be called the head of the cell 
angles and that of (ће smallest of the cell-angles will be called the 
tail of the cell-angles. 

If the rank of a given elementary chain c be increased by the 
interpolations of additional vertices between pairs of consecutive 
vortices of the given chain and the new chain ¢’ thus obtained be 
also elementary, then c' will be called a gemmatic extension of с or 
geommatically derived from c, provided 

(i) the order of the vertices of 4 is the samo in ¢ and of 

(íi) the extremities of е and c are the sam 

(if) the prineipal cell AT'B of е! is the same as the principal cell 
of o or falls within it ; 

(ie) the initial and final elementary cells of ¢ fall within the 
initial and final elementary cell respectively of ¢ with the points A 
and B respoctively common. 

If PQ be a trace of с and PQ ofc’ such that the vertices P', Q' of 
o! fall between P, Q, i.e., the pointe P, I”, Q^, Q are vertices of & in 
order. then PQ is said to have beon gemznatically derived from PQ. 
P! may however coincide with Р or Q' with Q. The elementary сей 
carried by P/Q’ in c' is also said to have been. gemmatically derived 

, from the elementary cell carried by PQ ín e. 

7. А system of elementary linear chains ej 
such that each chain except the Best is gemmatically derived from 
the one just preceding it, will be called a gemmatic aystem'of 























d elementary chains. 
Similarly в system of cellular chains carried by а gommatio 
| system of elementary linear chains will be aho called gemmatic. 
Each of the above two systems will be called regular if the beads 
of the traces of c form a monotone decreasing 
| sequence of zero limit and the beads of the elementary cell-sngles of 
i eys eg 





A sequence of traces fj in 
tively to chains cj. < 
system which are such thet each except the first is genumatically 
derived from the one just preceding it, will be called а regular 
_gemmatic sequence of traces. "The corresponding elementary celle 
| belonging босу, сз... „respectively, will be called a 
regular gemmatic sequence of celle. А regular gemmatic sequence 

уы, ‘unique limiting point which is aho 
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‘the limiting point of the corresponding regular gemmatio sequence of 
үзсө. 


И PQ and RS be two non-adjscent traces of an elementary chain 
б. the corresponding elementary celle of wil entirely lie outside 
wach other with no point common and consequently the limiting 
‘points of ашу two regular gemmatic sequences of cells derived from 
tbem will be entirely distinet, 

‘An elementary are may now be defined as the aggregate of 
— regular gemmatic sequences of elomen- 
belonging respectively to в regular 
gemmatlo system of edidi — Moro briefly 
fan elementary aro may be delved sa the ай of a regular gemmalio 
‘sytem of cellular chains, 

& Tbe following properties of an elementary linear chain are 
evident: 

0 No straight Une other tham ome paming through wo 
consecutive vertices can meet an elementary chain cloned by ita base 
АВ at more than heo points, 

(i) The aveceanive traces AP,, Руд. B of an elementary 
chain moet when produced negatively and ly the sides А 
ТВ respectively of (tà. principal cell at two ordered rows of points 
А, Dy, Usni Usa and Vans, Vang Py) В. 

Giù Every part of an elementary chain (a an elementary chain, 

n Wie) If а point P travels continuously from Ato B along the 
chain, the distance AP continuonaly increases and distance BP 
ontinusesty diminishes. 
The corresponding * properties of an elementary arc may be 
rigorously deduced : 
(0 No straight tine сет meet an elementary aro in more than 


(0 There existe а tangent at cach point Р of an elementary are 
ita direction continuously in the same sense as P 
А 19 D along the are. 





















GENERALIZED FORM OF BOHMER'S THEOREM FOR 
AN ELLIPTICALLY CURLED NON-ANALYTIC OVAL! — 


m" 


8, Moxnorapmrara 
1 - 
Def. ().—А convee oval V has the fundamental property that 
any n distinct points on it determine а unique convex n-gon of which 
they are the vertices and the order of tbe vertices of the n-gon is the 
order of the pointe on V. 
‘There is a positive order on V and а negative order which is ite 
reverse. IP, Ра, Ру be in positive onder on V, then P; lies on 
the right of the line РуРу, IE P, Py. Py be in рохо order, we 4 
Аза simply way they are in onler. 
Tbe convex non-analytic oval discussed in this paper is of (be — — 
Blan elementary. It consita of а closed continuous curve having а 
positive sense along it determined by the positive order of the points j: 
upon il. There is а unique tangent at each point Р and a positive 
sense along the tangent such that every otber point of hg oval lies 
always on tho right of the tangent. The tangent turns continuously 
an the right as ome proceeds in the positive sense along the oval, 
Buch an oval is obviously rectifiable 
Any point of the plane which lies to the right of every tangent 
"яой Is not a point of the oval itself is an interior point of the oval. 
Any straight line through an interior point of the oval moots 
‘oval at two points. 


























fem. 
af am Elementary Are, ty 8. Methopathyess, Bull, Cal, 
hoe as 








Ea 





H^ GEOMETRICAL PAPERS 


‘The only other lines, besides straight, which will be discussed in 
this paper, in connection with their intersections with the oval ore 
conics 


2 


The oval will not bo postulated to possess a definite olrole ot 
curvature at ony given point 

И a given conic S meets the oval V at P, it will be supposed to 
meet V at a definite one:paint at Р. provided it crosses Vat P but 
doe not touch, and at a definite two-point at Р, if. it touches V at P 
but doen not cross. In the latter cave there is either an internal 
contact (under-contact) or ап exteros! contact (overcontact) of 
B with V at P. 

IES touches V si P as well as crosses, then we will way that 
Miree pointe at V are associated by Bat P. Two of those are defi- 
nite pointe of V and the third, we will say, is a possible point of V. 
‘The two definite points of V at P associsted with tho (ЕЧ possible 
point of P at V will determine в possible circle of curvature of V ab 
P. This possible circle of curvature of V at P agrees with the circle 
of curvature of the given conic Sat Р. Two conics Б and S/, each 
of which has cross-contact with V at P may have different curva- 
lures at P. 

Di], (i) By а definite fee-pointis conie of V will be understood 
A conie which passes through five definite points of V. 
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A point P on У may be determined by ite ercual distances from a 
fixed point on V, measured positively in the positive sense along V. 

Def, (й). —A point P (o) oa V will be called elliptic it ito 
neighbourhood (sd. a +d) of P (s) exists such that overy definite 
fivt-pointie conie 8 of this neighbourhood is an ellipse. 

Def. (ie)—An alementary convex oval V will be called elliptically 
curled it every point Р of V is elliptic in the sense above defined. 

Bohuner's Theorem can now be stated for the above oval as: 

(A) Every definite five-pointic conie of an elliptically curled oval 
is an ellipse. 

A more general form of the above theorem is: 

(В) И отету hezadie point of an elementary convex oval be 
slliptie then every definite Sve-pointic conic of V is an ellipse. 
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‘The definition of а bexsdic point will be given later. See 
Cor. ii, Lemma VL 

Tt will appear from our investigations that every convex oval 
possesses some hexadic points. 1f every point on V is elliptic, then 
the hexadic points must necessarily be elliptic and Bobmer's 
‘Theorem (A) follows at once from the more general form (B). —— 

‘We will proceed to establish Theorem (B). For this purpose it 
will be necessary to establish 





Def. (0) —A range К, of n (n>8) distinct pointe Pj, Py. Pa 
P, on an ellipso, parabola or single branch of a hyperbola, will be 
mald to be in order, if they are the successive vertices of а convex 
ngon. The order will be positive if Р, lie on the right of P, Pp. A- 
range in positive order on a conic will be simply called a range in 
order on the conie. 

It Pj, Р, P, be three points on а branch B of в hyperbola and 
Q, OF be the two points at infinity on S and it 0, Py, Py, Py, (Y. bo 
in order, then Py, (Y, 0, P, are also in order. so that esch of the 
points 02 and ГҮ lies between P, and Py. whereas P, lies between 
Py and Py. 4 

It ®, Pj, Ру, Py, O be in order on a branch 8 of а hyperbola ч 
and Р, lie on the other branch S, then we will say that P, lios 
between P, and Ру on (8, 8). The branch 8, will be called the 
obverse of В. In this ease Py, OY, Py, 0. P, are ia order on (Sg). — 7 
ва also Ру. Ру. Py. Py. 

It should be noted that although we say that the points Ру, Ру. 

Py, Py are in order on (B. Bj). they do not form the vertices of a 
conver polygon. In fact Р, is an interior point of the triangle 
P, P Pu: 

ILO, By, Ру, CY be in positive order ов a hyperbolic branch 8 

and 07. Py, Pq, t bo in negative order on Sọ, D and ( being the 
pointe at infinity on S, which correspond to 02 and (Y on S, respec- 
tively, then Py, Ра. Ps. P, will be defined to be in order on (S, Sa). 
Та this case Ру. Py, Py, P, аге not successive vertices of а convex 
polygon. It Pj, Pp, Py, P, be in positive order on (S, Sy), they 
are in negative order ов (Sg, 8). 

I will at once appear that the above four points Ру. Pa. Pa. P, 
“which are in onler on (S. S) cannot be in order on a convex oval, 
‘ellipse, parabola or single branch of a hyperbola. 
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ир, Py. Py. Py, Р, be say five intersections of a hyperbola 
with a convex oval V, theo they must lie on the same branch of the 
hyperbola. 

И not, ob least three, Ру, Py, P3, will lie ой one branch S and at 
Jeaat one, Py, on the obverse branch Sy, 

First suppose Ру, Ру, P, are distinct and are io order on В, with 
Bo between P, and Py. Theo P, is во interior point of the triangle 
Ру Py P, and consequently Py. Py, Pa. P, cannot lie on a convex 
polygon. 

Tf P, and P, form а two-point P oa V (hen В and V will have e 
common tangent tat Р. Py and P, ss belonging to (S, So) will be 
‘on opposite aides of ¢ and as belonging to V will lie on the same sido 
j of f, whioh is impossible, 

H Py, Py. P, lorma thiroo-polot Р oo V then 8 crosses V at P 
and consequently meets V again at some poiat P different from P. 
"Tbe argument of tbe last care will bold aguio. 

h It should be borne ju шим! that a conic can moot V at P either in 
а one point or a two-point or at most a tbree- point and that the total 
| ‘number of points (bus counted at which an ellipse, pacubolo or single 
7. branch of a hyperbola cap intersect V is always even. 
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U Py Pa Pa. 
| ом S with a convex oval V, and И P, Py, Py. 
E ов V they are also in order on 8. 
XS be a hyperbola all the pointe lie on tbe каше branch of the 
hyperbola, by Lemma 1. The reat follows from definitions () and 
ө. 





(w25) are any n distinct intersections of a 
P, are in order 

















Сог, (0). These n pointa determine a unique positive sense on 8 
an well as on V. 

TQ be a point of S and T of V betweem two of the Intersections 
Р, and Р, such that P,, Q. P, and Р,. T, P, are in positive order 
on В anil V, respectively, then evidently Q ond Т will fall on the 
same side (left) of P, Р,. 
И S be a hyperbolic branch and the obverse B, of S lie 
between P, aod P, and if Q be taken ор B, then Q will bo 
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supposed to lie on the left of P, P, although it actually lies on 
right. I8 (P, P,) denote the pert of S constituted by all 
Q and V (P, P,) denote the part of V constituted by all pointe 1 
and it 8 (P, P,) sad V (P, P,) have no point common between Р, 
ood P,, then Б (Р, P,) will lie entirely over or entirely under 
У(Р,Р,). If 8 be n byperbolic branch and if S, lie between P, 
and P,, then S(P, P.) will include 8,. 
00. И Py. Ру, Py, P, ore four distinct intersections of В and 

S, euch of which is an ellipse, parabola or a single branch of a by- 
perbola, then Py, Pz, Pj. P, form vertices of а convex polygon 
amd if they are in order on S. they are also in onler on S- 
Corresponding to the positive sense along S there is a unique posi- 
tivo sense along 8. 4 

S(P, Pa), Б. Pa). S(P, Pj), SOP, P.) will Ho alternately 
under and over or over and under (P, Pa), 8(P, P), 81Р, PU. 
БҮР, Ру), respectively. 





Loon Ш. i 


1L a hyperbolic branch S intersect а conic X at four pointe O, 
Os, Os, Ол, which are in order ов both, and if Б,, the obverse of . 
В, lies between О, and O,. and X pass over В betwoon О, and О, 
then X must bo a hyperbola with one branch 5, containing Op, Op. « 
O,, О, and tho other branch S^, falling between О, end Oy. Fur- 
ther. the ecoeatriclty of X will be greater than that of 8. ЁШ s- 
First suppose 0). Оу. Os. О, are all distinct. Since they are 
in order ona S they are the successive vertices of a conysx polygon 
and consequently cannot lie on two different branches of a hyperbola 
(8eo.4). As the obverse of $ lies between O, and O, and X passes 
over S between O, end O,, X must be hyperbola with one branch 
S' containing Oy, Os, Os, О, and tbe other branch 8’, falling be- 
twoen О, and Оу. 
It now from the mid-point О of the chord P,P, lines be drawn 
to W, aod Wy as sho to W', and W's where Wy ond Wg ate 
points at infinity on В and W' and W's are pointe at infinity оп S. 
then evidently the angle WOW, falls within the angle WA,OW', 
and consequently the eccentricity of S is greater than that of S. 
PT 








eccentricity increases with the asymptotic angle. 
Tbe cases where all the pointe Or, Os, Og, О, are not distinct 
С меней similarly. 
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Def, (vi). —Aa ordered range R.P. Pa... P, of н(25) pointe. 
of intersection of a definite conic 8 with the oval V, will be called 


an associated range of indez n, The conic S will be called the 
assosiative of R. 

Exch point of R, whore S crosses V. but does not touch, is to be 
sounted as one point of R, and each point where S over or under 
touches V is to be counted in genoral as two points of R,, in doter- 
mining the index н. Each point of R, where S crosses V as well 
ө» touches V is to be counted іа general as theree points of Ru, 
Besides the n point» thus counted there may be other pointe of 
interscotion of 8 with V between P, and P, both inclusive, Such 
Points when they exist will be called eztra pointe of Ry. Extra 
pointa may exist between two distinct pointe of R. They may 
eles fall in with any of the т associated points of Ry, If 8 over- or 
undertouches V at «oy point P, of R, we may count P, as only 
‘one point of R., the other point at Р, counting among the extre 
Points. Similarly if S eross-touches V at P, wo may count only 
‘one or two points at Р, ax belonging to R., the rest counting 
among the extra points, 

Def. (oii). —An associated range I, will be called regular if the 
‘Tange do not pomess any extra pointe. A regolar range R will be 
denoted by (В) or (R, 

«Def, (өй. —И P, avd P, be two distinct points of an associatdo 
range Wus the part B(P,P,) of S, the associative ol Hy, measured 
from P, Р, in the positive seneo, will be called the ew ot Rt, 
from Р, to P, (>r). 468 be a byperbolie branch and if tho ob- 
sene 8, of B lle between Р, and P, then the eur! 8(Р,Р,) will in- 
lade B,, The part of tbe conie В which ix complementary to 
SIP.P,) will be denoted by SIP, P,), 

Def. (ia). Р, and P,,, be two distinct consecutive elementa 
‘of û regular range (0.7, thon the еш! S(P,P,.,) will be called a 
regular curl. 1¢ will {all either entirely outside or entirely inside 
Yi În the former case it will be called an ower curl abd in the 
latter case nn under curt HP, ond P,., coincide the over curt 
reduces to an under point std tbe under curl to am over point, If 
Pas Pris Р, ү coincide in am aworistel three-point, am over point 
aud an under point coincide. The roeulting point may be called 
“ap overunder point or an waderover point according ws tet abi 
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lini) of an under followed by an over curl or of an over followed 
by ма under curl. 3 
Def. (2).—The aro МОР, у) of the oval V between two 
sive points P, and P,., of the rungo (ft) will be called tba r4 
tap of (Ra). Tho largest of the n lapy Poi Wn, I, 
will be called the maximum lap of (R). ond denoted by L 
sum of the в laps of (I) will bo called the full lap of (ite) 
simply the Jap of Ot. 
Def. (el). If (Ry) be of an even index 
thoy are both finite, will be both over or both under. Ia the 
омо (R,) will be called an under.range and in the later cose an 
overrange. Tu the former cave a point of either extreme laps will be 
on Interior point of В, the associative of (R,), std in tho latter cane 
a point of either extreme laps will be an exterior point и 
there be a two-point of (I) st either extremity it will be an over: 
point for aa over-range and an under:point for am under-range, It 
there be a three-point of (H,) at either extremity it will be an overs 
under point for ав overrange and ар under-over point for an under- 
range. An over-range will bo said to belong to a firat category and 
эп under.range to a second category, 





Def, (еі). А regular rango of index 0 will be called  hezadio 
range or simply a hezad. A herad is cither an over-hexad or 
wn under-hexad. А bexad will be denoted simply by B. 

An clement of а berad may be either s one-point or a two- 
point or a three-point. If a bexad consistat two three-points the 
“Associative of the Бехад is not fully determined by them aa ech 
three-point contains only two дейсе points. A fifth definite point 
must therefore exist elsewhere to define the associative. 
| Def. (eiii UU RP, Py, Py» P, Ps, Py bo a hozad then the 

mid-polnts P^, P'a Py, P, P's of the five successive laps of It 

| be called the meun-points of Jt or simply the mesna of R. The 

_ вош $ through tbe five means of В will be called the mean-asee- 
-ciative of В. 

‘Te may be observed that the five means of R are in every esse 

Ке setae reor V and consequently sufice to define $. If 
contain a three-point all the five means are distinct. 10 
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Lexus 1V, 


‘The associative B of а hexwl R meets. the mean osewiative S^ 
‘of Th at four points O,. O,, Os, О,, in order on 8 and B', lying on 
S between P, and Py. both inclusive, snd on B'between I", aod 
Pa, both inclus 

First suppose И consiste. of aiz one-pointe Py, Py. Po. Py Ps, 
Pg. Then", and I, will lie on opposite «ides of З amd conso- 
‘quently the curl S, P^) mast meet 8 at some point O, of S' 
between P, and Fs. Similarly Se Pa). SP, FJ ond (P^, 
Y^) will most 8 at Oy, O, and О, respectively. such that O, lies 
between Р“; and Ps. О, lies between I, and I", and О, lies be 
tween P, and Fy. Thus Op, Op. Oy, О, are in order on 8! bo 
tween P', and P's. Consequently they are also im order on 8 
(Lemma ЇЇ, Cor. ij). 

Again it S (P^, Pg) be a regular curt, it will be on the same 
aide of Vas one of the regular curls 8(P, Ps) and B (P, P) nod 
therefore will cross (Р P4) at Oy, either between P, std Py or 
between Py and Py. ISO, Py) be not regular, it will split up 
into two or more regular curls one of which will cross B(P, Py) ab 
О, between P, and Py. Similarly О, will lie on 8 between P, 
and Py 

И the bexad R has а two-point at Pon V, 8! will pass through 
P. One of the pointe O will therefore be at Р. If the herad R has 
 three-poigt at Pon V, S will touch Vat Р. Two of the points 
© will therefore be at D. It P, be a two-point or a three-point О, 
Ру. P^, coincide und if P, be а two-point or а three-point Og: Py, 
P, coincide. 

Def. (zie) —A hazad R cach of whose extremo elements fall 
between the extreme elements P, and P, of В, or coincide with 
tether, вой whose associative $ ia the mean aaociative of R, will 
be called an inner mean derived of B- 

















Loma V. 
‘To every bezai of а given category there existe at least one in- 
‘ner mean derived of the same category. 
Suppose R is an over-berad with six distinct elements Py, Ру, 
Pas Pas Pye Pa. Thea Р, Р, Py. Py, Py, the five means of 
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R, are all distinot and P'; and P's lie outside S, There 
intersections Oj. Og, Оз. О, of S with S which lio between Р 
and Р, on S/ and between P, and P, on B (Lemma IV). € 
‘quently SP's P), the complementary of SP, P), will f 
entirely outside S, and 8 will have no point on В(Ре Py). 


‘The regular rango (R’,) of intersections of $ with V, between Py 
and Ру, must be of an even index, as it consists of all Ње 
tions of S with the closed figure consisting of V(P,P4) sad ВОР), 
Consequently (I) is either an over-range or an under-range, 

(IV,) must be an over-range, for if P', be the upper extreme 
element of (IU. then it must obviously lie im V(P,PQ. И (WA) 
were an under-range then SP", P^,) would enter V at P, m 
could not meet V(P,P;) again, would cross tbe curl ары c Я 
somo point, which is impossible, as #(E.P,) being e part of 
(P'gP',) lios entirely outside 8. 

IER be an onder-hexad we oan similarly show that (v) wil be 
an under-range. 





"The cases where R has one or more two-points or three-pointe. 
do not present any special difficulties and can be treated in a similar 
way. 

1t is of interest to note that although in general a two-point of Tt 
gives s ‘one-point of (E',) and а three-point ot Н gives a two-point of 

(R^.) these one-points and two-pointe may become iwopointe or 
three-points by association in (RY). 

If in (R,) tho index is 6 then (R’,) is itself a bexad@t the same 
“category за Б. If the index be 8 theo (R',) gives two bexads ^j. 

кытыр. РЫ, Р, Pg of the samo 
head Pa Ра Py of the 


Te may be observed that ín (R’,) the first six elements always 
constitute а hexad of the same category ва R, This hexed may be 


_ еайей the leader of (R',) or the leading inner mean derivate of R. 


ef. (е). It В, BY, R”... RÀ... bo э sequence of hexads auch 
that onch hoad after R ia an inner mean derivate of the ове which 
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Lrwwa VI. 


ї 1, Р, PA. bebe maximum eps of an inner mean 
derived sequence of bexeds R, W, B... RÓ,... respectively, then 
V, ¥, PA ...will form a monotone sequence of zero limit. 

Te в емай seen that if 1, ™ bo аву lap of R it must lie either 
(û in a certain socai-lap ġ t, 77 of ROY or Gi) in two conseou- 


Hive semi-lops j 1,7 and ji FD of ROD, 


Ta the first case we have 1, I2 1,^79- 





Та the second case we bave 1,2 4(1, TER 3: 


Again за the «ix points of It^ cannot all lie in different laps of 
RUM, of which the number is only five, there must exist at least 
«ре lsp of RO" for which case (i) holds. 

Wo hare trom саке () i aji, 79 xj“ and trom case 
Wiza (0,0-0 v» ale , 





Tn cither case [^ z/^7) and consequently [1%] is а mono. 
tone decreiaing sequence. It must therefore have a limit 
1, which is either zero or mite. We aball abew that L cannot bo 
Salta, 


TE L be finite thon а value m of n exists much that i —1,/, 
whare « le nn arbitrary given length. for all values of mam. We 
“may take «=L/100. 


Consequently 1%) —L, jfm*D.p, fmm „ш, fme mer 
10999 LL, 1698) _ 1, are gach leas than s. 
© Wa have either "79 print , ome (), or үнө) гу 
GO 4105" ), ема (0). 








GENERALIZED FORM OF BÖHMEN 





Ла the former емо put É**P mires and 1, ^ *9 wi! 
"ene. O, where (Xe me Ze. Тыгын» + 
они) or Lt tes ee Ue, or Le, bond w — 
| То the latter oase put 109 * ) ate. ШТ; ө 
Lege? and 20 m fint. FD „шу, гей 





whore 0243 Re, Ze. ORe and Zat , 
"Therefore Le, €) QL + 2e, — 6, *9 у, ora Hag OD 
600,6) 26. Therefore e”? and «L9. are ench lows than 2, 


Again wo have either 1, ** xy 1 imm. + eti O), ort, Е) 
ЕТЫ — J, сало (й). 








— 
whore OSes Ze, Zeg Le and Oe, 









We obtain Lee 76.9). R} (bee 76) of Lees MZey 
Ade 0 deg Shes eg) =<, +244) or LL Se, which is беш, 

In tho later caso put 1,0990 афи, ont 
= +e =e, gem mtesse) where OTe, Zez Le and 
©) and e (** D. are each 220. 


(— Wesce wo obtain of) жү" Teg =e) +2, <a, . 








Тый д and. 93) ura each love than Ge. 


wear e KTF mj? y care O 

















Tho former lends to absurdity and the latter givos «$ and «0! 


onch less than Ue, 
Шы fem et m ua haat ша. 


Now 1,9. and 17" cannot bo identical with ("7 and 


en 


I2 respectively, for a litio considerstion shows that from two 





gant? 


А little consideration shews that two consecutive laps of 
сөз ab mod be derived from three consecutive laps of А”? 
“it eitherlaps of R™*" fall under case (0). 

We conclude therefore that 109. in identienl with 7*9 , 


‘We have consequently three conseoutive laps of R®* , ыш, 109) 

i, SS" trom which the two consecutive laps Й”*® and К 
Коо MN" Wo bave st the same time «07, 

Mit , +53 cach ies thes 0e. 
cene dean initi consequ 
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А 


at of e , f° 1,009, 0. are cach loss than э. 
But as RO *) possesses only five laps we have vel. ' 


Now RO* ig an inner mean derived of R") and — tberefore. 
must possess nt least one lap for which case () bolde. This leads to 
1,401 e, which is absurd. 5 


"Hence wo conclude that the sequence [1% ] has zero limit. 


Cor. G). TEA, M, A, A be the entire laps of R, W, R^, 


JU) respectively, then the limit of the sequence. [۸®] is sero. 
Cor, (i). There is а unique point common to all the laps of the 





sequence (A). 
This unique point will be called а Aezodic point of V, defined 
by the inner moan derived sequence of hexads, R, В, М”, 
Cor, йй. Every elementary oval possesses some bexadio points. 
Take any five distinct points of V. Tho asociati И those i 
five points will moet V in at least another point. Consequently 
thoro exists at least six hexads on V of which the associative is S. y 
‘Any of these six hexads with a sequence of iner mean derivates 
defines а bexadic point. Suppose К is a hexadio point thus defined. 
Now every five-pointic сопіс of V cannot poss through K for then V 
would be а conio. Hence а hexndic range existe on V whose amo. * 
lative does not pass through К, and whose laps do not contain К. 
‘A wequence of moan derivates of this hexad fino another 
hexadio point. 
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‘The pointe ot infinity 0 and 0 on S arc outside V. Suppose 0, Ру. 
I on S are in order nnd there is no point of (R,) between D and P,. 
Then evidently there will be no point of (R,) between P, and D', 
‘The range (R.) will therefore be over hexadic. 

Consider the leader R=P,, Ру. Py. Py. Ps, Р, of (Н) which 
will bo also over-hexadie and в sequence E^, R^... R'^)... of посев. 
sive inner mean derivates of R of the same category as Н. Sup 


рою S', 5"... 8, 
lively. 

В and S/ have four intersections О, Og, Oy, O, which lie in 
order oa 5 between P, aod P, and on $ botweon P, and P^, 
(Lemma IV), and P^, and Fz are outside В. Consequently the range 
Ors Og, Oj, О, made by S'on S is sn over-range, that is, 8 goes 
‘over Б between О, and O,. Hence ®' ls a hyperbolic branch which 
‘bas its obverse between P', and P', and has ite eccentricity greater 
than that of 8. (Lemma III), 

Suppose PÛ) is tbe hexadic point defined by the sequence 
Y, M, R^... Thon for each neighbourhood (a5, ә +3) of P() there 
oxista n value т ol n such that RU ties im this neighbourhood, 
for nm. 

But every hexadic point of the oval is elliptic and consequently 
з д exists such that the conie through every five definite points of 
the neighbourhood (1-4, * +8) of Р(х) is an ellipse, which is contra: 
dicted by our conclusion that hexads exist in thie neighbourbood for 
Which the associative conic isa hyperbola. Thus Bobmer's theo- 
rem (B) is consplntely proved. 

It in worthy of note that although the exscciative 8) of herad 
R consisting of two three-points may not be considered as passing 
through five definite points in the lap of R™, the mean associative 
8l** of TU always pass through five definite points in thia lap. 
If the regular range in which S/^*! meets V in the lap of R be 


denoted by (R(* *?)), then (R'*!) will consist of no less than. aix 
pointa, at Joust five of which are always definite, The bexadio point 


P(e) which has buen defined by the sequence [R^] may therefore be 
‘equally well defined by the sequence [(R/^ *?))).. 


‘are tho associatives of RY, RY,,..R,...rospeo- 

























GENERALISATION OF CERTAIN THEOREMS IN THE 
HYPERBOLIC GEOMETRY OF THE TRIANGLE. — 
Br 
В. Moxmopanmyava ако û, Buant (1019) 1 
Isrropverion. 

Tho geometry of the triangle onthe hyperbolic plane has many. 
remarkable features which are absent in the geometry of the plane 
triangle and which are brought out the more prominently by a purely 
geometrical treatment. We will consider two well-known theorems 
in the geometry of the hyperbolic triangle with в view to elegant 
geomnotrical demonstrations and extensions tothe саво where обе or 
more of the vertices are ideal or improper points. In the course of 
tho investigations we will come to some very remarkable new 
theorems. e 

We havo in Euclidean geometry the two well-known theorems: 
(i) The three internal bisectors of the angles of а triangle or two У 
external and опе internal bisector meet at a point, i) The three 

t perpendiculars on the sides of a triangle from the opposite vertices 
meet at a point, 
Р We will discuss their analogues on the bypspbas plane with 
actual, ideal or improper vortices. 
‘A system of lines on а hyperbolio plane are said to meet atan ._ 
h 3 ideal point when they are all perpendicular to the same straight line. 
JA, f "Thin straight line is uniquely representative of tho ideal point, Tho 
; of lines are said to meet at an improper point when they are 
parallel to one another in the same sense, 
Theorem I:—The three internal bisectora of the ongles of a hyper- 
. bolic triangle ABC meet at on actual point. 
















* From Balletio, Caleatta Mathematien! Society, Vol. XI, No. 1, 1920, 

This paper wa read before the Calcutta Matberatical Society io so abstract 

Kewe to шу pupii Mr. G. Bhar, M.Sc., the present expended form of my 
the deret caes and e erally arama diagramm. M, 
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The internal biscolor of an angle A must meet the opposite sido 
‘ab some point D, The internal bisoctor of B will meet AD at somo 
point О. Tbe perpendiculars trom O on AC und BC are each equal 
to the perpendicular from O on AD. Therefore the internal bisector 
ot tho angle C passes through O. 






‘of a hyperbolic triangle ABC meet the 
angle A at an actual, ideal or improper polnt. 

If any two of the threo bisectors pass through an actual point 
the third can be shown to pass through the same actual point a» in 
Theorem 1. 

If no two of the three bisectors mest at an actual point, then the 
two external bisectors of the angles В snd C either moot at an ideal 
polt or are parallel, 

‘Suppose the two external bisectors BD and CE meot at an ideal 

point, that is, have common pør- 
pendicular DE (fig. 1), Then it is 
emily shown that D and Elie on 
tho side of BC away from A, for 
otherwise it would follow that the 
жип of four angles of » hyperbolic 
quadrilateral are together greater 
than four right angles or tbat an 
exterior angle of a triangle js loss 





then the interior opposite angle. 

This соста, perpendicular DE cannot mest BC produced either 
towards B or towards C, for in either case an exterior angle would be 
Лева than so interior opposite angle. Neither can DE be parallel to 
BO elther towards В or towards C, for then sn angle of parallelism 
‘would be greater than a right angle. ‘Therefore DE and BO meet at 
‘an ideal point, that is, have а common perpendicular ОР, where it 
ja say to see that О lies on BO between D and C and F lies on DE 
between D and E. 

Produce AB to H and ED to К making BH=BG and DK- DF, 
‘Also produce AC to L and DE to М making CL=CG and EM= EF. 
‘Then HK is acommon perpendicular to AB and ED and LM is a 
‘common perpendicular to АС and ED, Also HK=GF=LM. 
` Bisoct KM at N. Then the perpendiculars NP and NQ on AB 
‘snd AO are equal from the equality of the quadrilaterals NPHK and 





we 

2. 
Е 
GENERALISATION OF CERTAIN. THEOREMS — 
NQLM. Therefore AN is ibo internal bisector of the angle A. 
aeo evidently perpendicular to DE. Therefore BD, CE snd 
have а common perpendicular and therefore meet at an 
If the two external bisectors of the angles B and C are parallel, 
the internal bisector of the angle A cannot meet either as then the 
three would psss through а common actual point. The internal 
bisector therefore passes between tbe two parallel external biseotors 
without meeting either and therefore must be parallel to both in the 
same sonso. 

Corollary to Theorem 11:—In the triangle ABC И g be the foot 
of the perpendicular on BC from the point O, the actual point of 
concurrence of the internal bisectors of the triangle ABC and G, the 
foot of the perpendicular on BC from O’ the actual. ideal or improper 
point of concurrence of tbe internal bisector of the angle A and the 
external bisectors of the angles B and C, then By=CG. 


For, AB-By=A0-Cy, 
also AB* Bü 7 AC « CG «nd By +Cy=CG+BG 


па is evident from constructions of Theorems I and П when O' is an 
жойда! or ideal point. When O' is an improper point similar con- 
wteuetions bavo to be made, 

Theorem IIT:—The three perpendiculara from the vertices of a 
triangle in the hyperbolis plane on the opporite sides meet at a point, = . 
actual, (deal or improper. 

Let ABC be the given triangle and AD. ВЕ, CF the threo per- 
pendiculars from А, B, C on the opposite эме Draw a, 8, y 
through A. B. O at right angles to AD, BE, СР respectively. 

Case 1. Suppose 72 andy mest at an actual point. Then it will 
‘be shown that a, @ and а, y Will also maet at actual points, 


Let G be the point of inter- 
section of 8 and у (fg. 2). Produce © 
GC to Н and GB to К making 
CH=GC and BK=GB. Then 
the join of HK will pass through 
А and will be perpendicular to 
AD. 

From û, Н, K draw perpendi- 
culars GL, GM, GN, HO, HP, HQ, 







ki 















EC X 
WAR | 














9 


50 GEOMETRICAL PAPERS 


KR, KS, KT oo the sides BC, CA ond AB of the triangle ABC. 
‘Thon because GC — HC snd CF ia the common perpendicular to HG 
and AB we bare GN=HQ. Again from tho congruent triangles 
GBN and КВТ we get GN=KT. It follows therefore HQ=KT ond 
similarly HP=KS. If Hand К be joined, the line HK will pass 
through A, for otherwise it will cut ВА and CA or cach side produced 
‘Through A in two points each of which shall be the middle point of 
the segment HK which is absurd, Now HO=GL=KR and from 
the congruent quadrilaterals НОРА and KRDA, it is clear that angle 
DAH Îs equal to angle DAK; thus AD is perpendicular to HK. 
Hence the perpendieulare from the vertices А, B, О are the per- 
pendieular bisectors of the sides of the triangle GHK and they 
therefore meet at a point (Theorem of Bolyai) 


It ls important to observe that es BC] OR=OD, we get BD= 
OC-CL. 





Case 2. Suppose now thet A and y are parallel, that is, moot at 
an improper point (6g. 3). If 
on AD, between A and D, 
point A’ be taken, perpendicu- 
lars ВЕ/ and CF" from B and O 
on the sides CA’ and BA’ of the 
triangle A'BO will lie on the 
sides of BE and CF away from 
BO. Therefore if @ andy be 
draw through B and С per 
pendiculara to BE’ and СЕ, 
they meet st an actual point G^ 
sand it can be proved, as io Cane 1, that s’, Û anda’, y also moot in 
‘actual points K and E where « is the perpendicular through A’ to 
AD. If G/L/ be drawn from G/ perpendicular to ВС, then because. 
DO=BI/, s A’ moves along AD towards A, O’ will more along 
1/6’ away trom BO snd finally when A’ coincides with А, O’ moves 
‘eff to infinity «o Шм ' abd y coincide with A andy. Now as BG 
and CG? are always equal to BK’ and CH', respectively, as О goes to 
infinity, H' and К? ot the same time go to infinity. Again as the 
theorem is true in al) particular casas it is also true in the limiting case; 
_ af which is always perpendicolar to A'D will remain so when A’ mores 

A, that in, when s’ colncides with a. Thus » which is perpendi- 
o AD meets Я and y at improper points, 
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Case 3. Let now A and y be nos-intersecting lines, that is, 
thom mest at an idoal point. They will have » common ре 
cular GO” representative of that point. "3 


"We may supposo the angles ABC and ACB to be acute, 
least two of the angles of а triangle must be so. Then anglos 
and BCG’ are both acute. consequently GG’ cannot out BC, 4 


oo сого also eut АВ and AC : и opposing 007 eut AB and 
АС (fig. 4) at the points G, and Gy, on ОВ and 
O/C produced through B and C we can take two 
points Hand K such. that ОВ=ВН and O'C= 
CK. Perpendiculars erected at Hand K io HB 
and KC will meet BA and CA, produced if 
necessary at Hy, Hy and Ky. Kg respectively. 
Further these perpendiculars must cut eseh 
other at a point Z. Tt ean now be emaily shown. 
^. that the triangles ZHaK, and ZH,K, are both 
isosceles, so that the bisector of the angle 
нүк, which is also the bisector of the angle H;ZKg, must 
perpendicular to both the intersecting lines HE, and HE, 
which is absurd. 


| . — Араа Н ia not possible that 007 shall eut опе of the sides AB 
‘and AC and be parallel to the other. Supposing that GO’ cute AB 

at О, and is parallel to AC, if on ОВ produced wo take as before q. 
' point Н such that GB=BH aod erect в perpendicular at Н. this 
"perpendicular will cut BA, produced if necessary, st ө point Hy, for 
tho triangles G,GB and H,HB are congruent, Samemjuently it will 
eut CA, produced if necessary, at a point Hs. Now as GB=BH and 
ВЕ is the common perpendicular to HG and AC and also GO! is 
parallel to AC, the perpendicular through Н to HG must also be 
parallel to СА. ‘Thus this perpendicular cuts CA and is at the same 

~ time parallel to CA which is absurd. 

_ та an exactly similar way it can be shown that it is not possible 
t 00/ shall cut one of the sides AB and AC snd be non-intersect- 


to the other, 


Further it in easy о soe in like manger that GG’ cannot be 
parallel to both AB and АС, 
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е Let G,L, GM, G,N be the common perpendiculars between the 
line GG’ and BC, CA and BA 
5) И GB and 
brough B and O 
to H and K making GB=BH and 
G'C-CK and perpendiculars HH! 
and KK’ bo erected at these points, 
‘these perpendioulars cannot out 
either BC, CA or AB ; for suppos- 
ing that any of these perpendicu- 
X lara cuts any of the sides BO, CA 
xx or AB, it can be shown from the 
properties of congruent figures that GG’ must thon also moot ono 

of the sides BC, AC or AB which we have seon is not posible. 
Let HO, HP, HQ, be tho common perpendiculars between 
ATHY and BO, СА and AB respectively and K,R, Ky8, КТ be the 
common perpendiculars between KK’ and tho samo three lines res- 
peetively, Thon it is easy to see from congruent figures that H,O= 
| G,L=K,R, K,8=G,M=H,P and Н,0=0,ХМ=К,Т. It now Н'К' 
Ve the common perpendicular between HH’ and KK’, HK’ must 
рма through A ; for considering the two figures APHyH’H,QA and 
АВК,К'К,ТА in which H,Q=K,T and HP =K,S, it сап be shown 
‘that if HK’ does not pass through A, it will cut AB and AC, pro- 
duced if necessary through A, in two points each of which shall be 
^ "ihe middle point of the finite segment Н'К? which is absurd. Fur. 
ther from the equality of the figures H'ADOH, and K'ADRK, it is 
clear that {H’AD= КАР and AH’=AK’, so that AD is perpe 

cular to H’K’ throogtr it« middle point А. 

‘Thue AD, BE and CF are the perpendicular bisectors of the com- 

* ‘mon perpendiculars H’K’, HO and G’K between HH’, KK’ ; GO’, 
nx HH'and GO’, KK’ respectively. And these will be proved to be 
concurrent later on. See Theorem IV, Case L (0). 

Cor, to Theorem I11:—BD=CL. This is evident from the 
constructions in the different casos. 

From the above corollary and the constructions in the different 
cases of Theorem Ш, an important result can be deduced, es hae 
beon pointed out by my pupil Mr. R- C. Bose, 

Suppose o, b, c, aro the sides of the triangle ABC, and өң, by, с 
‘are the corresponding perpendiculars on them from the opposite 
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In Case 1, the acuto angle in each of the three : 
quadrilaterals ADRK, BEMG, CFQH of fig. 2, has opposite to it 
pair of sides equal to (а, а), (b, b), (e, с) respectively. ‘This 
angle is the same in all the threo three-right-angled quadrile 
being equal to half the sum of the angles of tbe triangle GHK. 
In Case 2, ( ), (b, ', €) are three paire of complementary 
segmenta. 

Tn Case 3, Bg. 5, there are three rectangular pentagons ADRK, K' 
BEPH;H and CFNG,G', which bı pair of sdjacent sides equal | 
to (a, a1), (b, bı) and (с, су), respectively. Tbe sides opposite to the 
above pairs in the corresponding rectangular pentagons, эге K^, - 
Н.Н’, 9,0, respectively, and each of these is equal to half the sum. 
of KK’, HH’, GG’, 

‘These results can be summed up in the following general theorem = 
Suppose ХІХ, YMY,, ZNZ, are three right angles baving the 
pairs of arms (LX, LX,), (MY, MY,), (NZ, NZ,) equal to (a, aj), 
(b, b), (e, сү) respectively, and suppose x, x, у, уу, к, я) aro per- 
peudiculars to LX, LX,. MY, MY,, NZ, NZ}, at X, Xy. Y, Үз, 2.2, 
respectively. Then 

If the pair (x, xj) meot in an actual point at an angle v, each of 
the pairs (y, Y). (x. 2,) will meet іа an actual point at an angle a, 
AL the pair (х, х) mest in an improper point, each of the paire 
(у, уа), (2. zı) will meot in an improper point. If the pair (x, xj) 
meet in an ideal point at а divergence ê, each of the pairs (у, y) — = 
(а, 2,) will moot in an ideal point at divergence 8. 

Mr. В. O, Bose has also pointed out that from the above theo- 
rom an elegant synthetic proof of the "dificult "* median theorem 
of a triangle can be deduced. 

A simpler and more elegant proof of Theorem IIl is given in 
Theorem V, which is the most general form of Theorem III. The 
present proof is of interest on account of its important corollary, 


‘Definitions :— 
The symmetric of two given directed lines îs the locus of the 
middle points of all lines which sre equally inclined to the two lines, 
Every line perpendicular to the symmetric or passing through the 
symmetric, when the symmetric is a point, either meets the two . 
` given lines st equal angles or have equal common perpendiculars 
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‘Tho symmotric of two given directed lines which meet aban 
‘actual point is the internal bisector of tho anglo betweon them. 

‘The symmetric of two given directed lines which meet at an ideal 
( point and have consequently а common perpendicular between them 
is the lino bisecting this common perpendicular at right angles, if tho 
given lines are directed in the same sense with respect to this 
Common perpendicular; but if tbey are directed in opposite senses 
from this common perpendicular the symmetric reduces to the 
middlo point of tho common perpendicular, for it is evident that every 
line which ís equally inclined to the two given directed lines passes 
‘through tho middle point of the common perpendicular and is 
bisected at that point. 

Ji the two given directed lines are parallel, tho symmetric is а 
third parallel which is equidistant from them, provided tho given lines 
‘are both directed in tbe samo senso as, or opposite sense to, the 
direction of parallelism. Otherwise the symmetric will be defined. 
to bo the improper point to which the parallel lines converge, 

With these definitions wo proceed to prove the following compro- 
hensive theorem. 

‘Theorem IV :—The symmetrica of any three co-planer lines, which 
‘are not concurrent, taken two and two in any three waya such that the 
tame line has opposite senses in the two different pairs in which (t 
oscura, are conourrent, the concurrency being understood as 











(a) if the threo symmetrics are straight lines, they will пес at 
ва actual, ideal or improper point ; 
(0) if two of them be straight lines and tho third а point, then 
n the point will lie on the common perpendicular to tho first two; 

(o) if ono of tho symmetries be a straight line and the othor two 
Points, then tbe straight line will be perpendicular to tbe join of the 
‘two pointe; 

@) it ali the threo symmetries be points they will be collinear, 


Let a, b, с represent any three coplanar lines which ше not 
к concurrent. If and о meet at an actual point we will denote this 
Point Ьу а. lib and с meet at sn ideal point, they bave a common 
perpendicular, The ideal point or the common perpendicular may be 
‘indifferently denoted by o. If b ahd c meet at an improper point, 
‘When this improper point will be denoted by e. Similarly the pointe 
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of meeting, actual, ideal or improper, of the two lines c and a will be 
denoted by В and that of the lines а and b by y. 

‘The line а is directed in two ways and may be represented as 
by Ay and yÊ. If 8 and + be actual points —— 
у be ideal points then Ay will represent line o as the 


tho Iino a directed from В towards to which itis perpendicular. - 


Similar interpretation may be given in every caso. 
‘Tho three lines a, b, c can bo taken in groups of directed pairs, 
two and two, only in four ways satisfying the conditon that if any 


опо of the lines а occur as y in one pair it can only appear as yf in | 


another pair, These groups аго: 
а) Beer Уй. 98; mv By: 
G) Bee бой; ove э: 
@ Bey ЭВ. Bi yo. бү; 
(O “В, yo: 10, Вә; ay Pri 





Case 1:— 


Let » В, y be actual pointe. 

(® Let the lines a, b. c be taken in directed pairs as group (1). 
‘Tho symmetric of fa and y» is the internal bisector of tho angle 
between b and c; so the symmetrics of y8, o8 and ay, By are tho 
internal bisectors of the angles between с. a anda, b. Hence the 
symmotrics are concurrent (Theorem I). 

(0. It now the lines be taken in directed pairs за in group (2), 
the symmetric of fa, ya in the internal bisector of the angle between 
b and c; but the symmetrica of Ay. «Ê and ay, уй are the external 
bisectors of the angles between с, а and a, b. So the three symmetrice 
аге concurrent (Theorem H). 

ii) If the lines be taken in directed pairs as in group (3) or (4) 
wo have a repetition of (ii). 

Cone П:— 


Let a. В, у be ideal points and suppose every two of the lines 
а,Ь, о lis on the same side of the third. In this case no straight 
Hine can moot all the three lines at otual points, 









G 
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Let AA’, BB’ and СС be the common perpendiculars between 
b and s, b and let P, Q, R be their middle points and p, g, r 
bo the perpendiculars through Р, Q, R to AA’, BB! snd CC! respec- # 
tively. 

(i) When the lines a, b, с are taken in directed pairs as in group 
O, the symmetries of В», уч; y8, 08 and «y, By are p. q and r 
respectively. 

Suppose q and r meet at ав actual point O. Perpendiculars ОМ 
and ON on the sides and are equal being each equal to the 
perpendicular OL on a. Therefore the symmetric p passes through O. 
Thus the three symmetries p, 9, r are concurrent at an actual 
point О. 

If however q and r meet st an ideal point, they hor 
perpendicular 0,0, (ñg. б). Now 0,05 
cannot meet b or c, for if it moots b, it 
must meet а, but it is evident that it 
Cannot meet a since if it meets a it csn- 
not mest g. Let OL, O'M, ON be the 
common perpendiculars between 0,05 
and а, b, с. Then OYM=OL=O"N, 
Therefore tbe common perpendicular to 

0,0, and AA’ bisects AA’, that is, PO, is perpendicular to 0,05, 
Thus p, q, т bave а common perpendicular, that is, the three 

yrametrios have а common ideal point. 


‘Lastly if q and r be parallel p is also parallel to thom in the same 
жеше. Foras A and A’ are points on opposite sides of q as well as 
ofr, the line AA’ must meet q and r at some points D and E (fg. б). 
Let DF and RG be the perpendiculars from D and E on a. ‘Then 
DF<DG<DE+EG=DA, £, DA’=DF<DA. Similarly EA= BG< 
EA’, Honce Р lies between D and E. Now р cannot meet q at sn 
actual point as then r would раза through the same point and 
consequently could not be parallel to q; likewise p cannot meot ғ at an 
‘sctual point, Thus r falls between the parallel lines 4 and r but does 
mot meet either. Hence р must be parallel to q and ғ in tbe same 
sense. The three symmstrice are therefore concurrent at an improper. 
poiat. 


(i) Ш now the lines be taken in directed pairs asin group (2), 
“the symmetric of fa, ys is the line p; but the symmetrics of Йу, 8 
ж 











fee 


















and ay, УВ аге the points Q and R. We are to show therefore | 
різ perpendicular to the join of Q and Н. 

. — 7) cannot meet any of the sides a,b, 
meets one, it meets all the 


QR and the sides, b, с, 
—— 
OWN; therefore the common 
y perpendicular between AM. 
fer sod QR bisects AA’, thus p 
is perpendicular to QR. 
(iH) If the lines bo taken in directed pairs as in group (8) or (4) 
we got a repetition of (ij). 


Case HI: — 


Lot а, В, y be ideal points and suppose tho linea 
related that ope of them a bas b and c on opposite sides. 
Let AM, BE’, CO be the common perpendiculars to the line 
pries (bo), (e,4) and (a 
R their middle pointa and 
7 the perpendiculars through P, 
Q. R to AM, BBY and CO ге — 
peetively (6р. 8). 
(0 If the lines be taken in 
directed paire as in group (I). 
tet the symmetric of fa and ye im 
“tho point P, but the symmetries of уй, ff and эй, Ву are the lino 
С qand r. We aro to show therefore thatthe common perpendicular 
доц and r passes through Р. 
` Let the common perpendicular to q and r meet the sidesa, b, e 
abl, M, N. LMN boing perpendicular to g, XBNL= BLN, 
Similarly KOML- &CLM. Вы &CLM. вх 
"Therelore LMN passes through the middle point of AA', 
through the point Р. 
i) Tho lines boing taken in direetel pairs as in group (2). tho 
ree symmet — Wo are to show therefore 
ST 
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Let the line QR meet the three sides a, $, ¢ in the points D, E, 
F. Then &ВЕ@» LDQ {CDE OER. ЕОР bisects AM, 
‘that is, Р lies on QR. 

(Wi) If the tines be taken in directed pairs ss in group (5) or (4) 
we get a repetition of Û). 


Case IV i 


Tat +, f, y be esch an improper point. 


Tek p io Ua partied to band o whisk b мый) ees bol q 
tthe parallel to ¢ anil à equidis- 
tant from о and e and r the 





f, r respectively, We are to 
show thet р. q. r aro concurrent. 
Ax q is parallel to е nnd a it 
оса cannot cut either again; it must 
hereke meet ot ка setual point E and r must therefore cut q at 
Le i миша! polat О. The perpendiculars OM and OX on b snd o are 
qual, ach being equal to the perpendicular OL ов ө. Therefore O 
Шев on p. Hence the three symmetrios pass through the same 
рат О. 

| (iy 14 the Баев ba taken in dimctel pairs аа in group (D, the 
ролей of fio. y» is the line p but the symmetries of Йу, aff and өү, 
al are the improper pointe û кой y so that their join is the line a. 

We aro to show that p is sh right angles to a. 

‘The line p must meet а s an actual point 

_ өйы» DH stil DK on b asd ¢ are equal; b 

Ming anges ot fee equal. 
4ке 





- 









GENERALISATION OF CERTAINS THEOREMS ә 
Com Vi 


Lat a be an astun! point, jf an ideal and y an improper poit 

Те A represent the actua) point a, BIV the common perpendi- 
cular between c abd а represent the 
ем point 2 snd C represent the im: 
Proper point y, lot p and p’ be the in- 
ternal aed external biseetor of the 
angie DAC, 9 the perpendicular to 
BB’ throagh ite middle point Q and 
# the persi to « and b which le 
‘equidistant from them (fig. 10). 

(0 Ut the arrangement of the 
direeled palm be ax im group (0) the 
three «ymmeteies ae р, q. ғ and the 
proof of their concurrency proceeds ов 
^ the lines of the proof for ibis sr- 
ces © rangement in the other caser. 


G) Lat the arrangement of the directed lines te as in group (I). 
‘The symmetrie of Bs, ya is p; but the symmetrics of My. «ff and sy. 
yd are the points Q and C, We are to show thet p = 
to QC which le the parallel through Q to а snd b. 

И QC be produced through Q to C' on the side of BV away from 
С, QO will be parallel to AB in the direction AD as Q is the middle 
point of ВВ/. Hence p is perpendicular to QC [Саве ГУ (9)). 

(it) If the lines be taken im directed pairs as in group (Nh, the 
symmetria of is, ay is ^, that of уй, a isq while that of yo, By û 
the point O. We are to prove therefore that tbe common perpe. 
‘cular to p mud q paises through the improper point C, that in, in 
Parallel to a and b. 

‘Through Q drow QC parallel to a and b amd co g cut off the 
length QD corresponding the angle of parallollsen DQC. The tine I 
through D perpendicular to q will be parallel to à and bim the samo 
жеше and when produced through D will meet BA produced s an 
improper point O". P will therefore be perpetelscolar to l [Case IF 
lk Hence the common perpendicular to p’ and g is parallel to а 

D 











Xaeüy hd the lines be taken in direetod pair, as in group 


ч); of f; ye la tho fine у, that of уй. Bs ie the point 
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Q. whereas of «y, By is the line r. We aro to show that tho common 
perpendicular to p and r passes through Q. 

Tat the perpendienlar through Ф to r imoet the lines b, f^. 7, € 
ond a wt the points E, Р, Ө. H and K respectively, then £QKB!= 
4QHB and 0КВ' = QEA; ,AEH- ФАНЕ. Hence p is per 
pondioular to QE. 

If two of the pointe e. f, y be aotun) and the third ideal or 
improper, or two of them ideal and the third воба! or improper, or 
finally, И two of them be improper and third aotual or idoal, the 
proof of the theorem proceeds on similar lines and requires no further 
special investigation. 

Moreover when one at lesst of tho three points a, /f, y ia an ideal 
‘one, the triangle formed by the three lines ө, b, c may either be 
жооһ that uny two of the three lines ө, b, ¢ lie оп the same sido of 
the thin, or that one of the lines о, b. e has the other two on 
‘opposite sides of it but as the proot of theorem in all these varied 
anes requires no new principles, the different eases nre not sopa- 
tely discussed, 

‘We shall now extend the theorem of the porpendiculars (Theorem. 
III) to the ease of a triangle of which tho vertices may be actual, 
ideal or improper, 

‘Theorem ¥:—In a triangle formed by any three co-planar lines 
m % b, e intersecting mot mecernurily in actual pointa the perpendiowlare 

pde P, from the vertices a, B, y—actual, iden! or improper—om the 
opposite sides are concurrent ; the eonourrency being interpreted ox 











‘When a is an ideal point the perpendicular p on a is the common. 

between • and the line а, И a and a be non-intersoct- 

Ingi when a and » meet at an actual ое improper point, the common 

perpendicular reduces to this actual or improper point, If а be an 

improper point, the perpendicular p is the perpendicular to a which 
in parallel to b and ¢ in the «ame senso. 


Сам 1:— 
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Let A, B, C represent the three actual points =, £, y and suppose: 
the perpendiculars BE and CF on АС and АВ 

^ moet st O (fig. 11), Draw the linos EL and 

5 FM making 4BEP=4BEL and XOFE™ 
4CFM. Then BE. AC and CF, AB ore the 

internal and external bisector of the angles 

E x FEL and EFM. It follows from the theorem. 
of symmetries (Theorem 1V) that as AC and FO 
meet at an всіові point C, EL ond FM muat 
also moat at an actual point D and OD iv the internal bisector of the 
angle EDF. Again from the same theorem it follows that the line 
through D perpendicular to OD must pass through В and C; in other. 
words D must lie on BC and OD is perpendicular to ВС, But OD 
pastes through A as А is the point of intersection of the external 
hisoctors of the angles E and Р. Hence the perpendicular trom А 
on BC passes through O. The three perpendiculars aro therefore 
concurrent, Similar proof holds if the point О be ideal ot improper, 





Cane II 


Lot «, A, y be ideal points and suppose every two of the lines 
4, b, e be on the same side of tho third 
(fig. 12). 

Lot BB! and CC’ be the common рег, 
pendiculars between e, а and a, b re 
presenting the points £ and y and ЕН and 
FK the common perpendioulars g and r 
between the lines 2, b and у, с and let 
and r meet at the point O. Join EF and 
draw EL and FM making {HEL= 4HEF 
and &КЕМ = &KFE. Suppose EL und FM 

4 moct ab the actual point D. Then DO 
bisects EDF and it follows from Theorem IV that OD is the por- 
pondicular to a. If now ADA’ be drawn at right angles to OD. from 
the same theorem it follows that ADA! i» perpendicular to both b 
and e, so that ADA' is the common perpendicular between b snd ¢. 
"Hence OD is the common perpendicular between a ond a, The three 
perpendiculars p, q. r are therefore concurrent. 

М EL and FM do not meet st an actual point, they must be 
either non-intersecting or parallel, Suppose in tbe first place that 
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"they are non-intersecting. Let LM represent the common perpendi- 


ular between them and N be the middle-point of LAL. From Theo- 
‘rem IY it follows that the perpendicular between EH. and CO” must 
pass through N. Similarly е must pass through N, Thus b and o 
meet at an actual point N which is contrary to hypothesis. Hence 
EL and FM cannot be mon-intemecting. If now EL and FM are 
parallel, it can be shown in like manner, that b and c must be 
parallel to them in the same sense whioh ls against hypothosis. 
"Hence EL nod FM must meet at su setual point D. 





Can 1s — 


Let o, By y be ideal points and the lines a, $, о bo so related that 
‘two of thom, В and е, lie on opposite sidus of the third lino a. Thon 
the common perpendicular AA’ between b amd e must meet a at 
some point Р, 

(0 Suppose the common perpendioulare BIV and OC’ botwoen 
€, a and а, b meet b and c respectively at the points Q and В (fig. 
10). We are to show that P, Q nnd R are collinear. 


Join A'O. Draw the lins A'L on tho sido of AA’ away from C 
making $AA'L= AAO. Similarly 
draw the line CM on the side of CB 
remote from A' moking £1/CM= 
ZBC. Thon AA’, A'B and BIC, 
CO are the internal ond external 

© bisector of the angele LAC and 
fen. MCA’. If possible let A'L ond CM 
moet at D. ‘The line DP and the perpendicular EDF through D to 

DP are the internal and external biscotore of the angle ADC. From 

‘Theorem IV it follows that EDF is porpendicular to both the intor- 

смейце linos BB! and СА which is sbsurd. Hence A'L and CM 

cannot meet at an actual point. Nor ean they be parallel, for from 





‘the namo theorem it would follow that BB’ and C'A would be parallel 
ich being parallel to the lines A'L and СМ in the same senso and 
_ this in impossible, Hence A'L and CM are non-intersecting. 
tho namo theorem it is furtber ovident that Q is the middle 
‘the common perpendicular LM between A'L and CM. 


‘the line through Q perpendicular to LM must pass through 
‘the point of intersection of the interns) Liseotore МАШ кы 













CA'L and A'CM and also through R, the point of intersects 
external bisectors of the same angles. Thus P, Q, R are. 
(ii) Let BBY, b and CC’, с be non-interseeting lines а 
the common perpendiculars between thera. We are to 
the common perpendicular to 1 ond m must pass through Р. 


If wo consider the ideal triangle of which the sides are b, m. 
BD’, the theorem follows from Case 11. 


(ii) Let now BBY, b and СО, © be pairs of paralaltel linos (ig. 
к 14), and n be û lino which 


Îs parallel to both BBY and 
© and therefore to b and - 
OO in the same sense. 


LIS 

‘Let BL and OM be the perpendioulars from В and C on the line — 
т. Ibis evident BL C'M being the lengths corresponding to angles 
of parallelism each equal to half of а right angle, Неме DO is 
bisected at the point O where it mects LM. ‘Therefore the perpendi« 
cular through О to b will also be perpendicular to е ; similarly the 
common perpendicular to BB' and CO’ will pass through O and 
hence О coincides with P, Thus P lies on n. 


Con ТУ: 


Whon a, f, y aro improper points, the three symmotrios p, q, Р 
are the perpendiculars from а, 8, у on a, b, e respectively [Theorem 
IV, Case IV, Gi) (ii), (w)]. Hence the three perpendiculars are 
concurrent [Theorem IV, Cane ТУ, (9). 





| GEOMETRICAL INVESTIGATIONS ON THE CORRESPON- 
DENCES BETWEEN A RIGHT-ANGLED TRIANGLE, 
A THREE-RIGHT-ANGLED QUADRILATERAL 
AND A RECTANGULAR PENTAGON 
IN HYPERBOLIC GEOMETRY 


В. Moxmoravmyaya (1922) * 
Turone 1, 


A D Cin a triangle right-angled ot C on a given hyperbolic plane- 
AU fu parallel to СВ and DY is parallel to AB and perpendicular to 
ing AC at D: From AU is cut off AE «qual to AB and 
is cut off DP «qual to СВ. Then BF in the common per- 

penlleular to AU and DV, See fig. 1. 
Produce CB to X and AB to Y. Join ВЕ and ВЕ. Let G, H, К 
and L be the mid.ponts of CD, EF, EB and BF, respectively. 
Suppose р ls the common 
porallol to AY and CX. 
Let AK and GL, which 
А bisoct BE and BF, respeo- 
tively, at right angles. 
moot p at K' and L^, res- 
pectively, evidently at 
right angles. 
1t follows that the per- 
peniieular bisector of EF Fie. 
ale meets p at right с v 
l angles wt H', and consequently the angles FEU and EFV are equal. 

14 may be observed thet E, B, Р cannot be collinear, for then 
tho quadritsteral КК'1ЛЇ, would be foursright-angled. Similarly B. 
will fall between ЕР and AD, ва otherwise the pentagon KK/L/LB 
would have ite angle-sum greater than six right angles, 











- * Prom Ballstio, Celestia Mathematical Society, Vol. 13, 1088. 
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Produce AD to M (see fg. 2) making DM equal to AC, Још MP | 
and produce it to Z. Then 4 
the triangles ABC and 
MFD are congruent and 
MZ is parallel to CX, be 
cause AY is parallel to 
Dv, * 

Draw GW parallel to 
CX and lot AP, ER, MN, 
FQ be pereodiculam to 
OW. 

Thon, because G is м 
mid-point of AM, MN is 
equal to AP. Consequently tho angle NMZ is equal to the angle 
PAU. Also MF is equal to AE. Therefore the quadrilaterals XMFQ 
snd PAER are congruent, It follows that FQ is equal to EH, and 
OW passes through the mid-point Н of EF. 


Now ва G is the mid-point of the common perpendicular CD to 
CX and DV, FD is parallel to WG and consequently the angle QFD 
is equal to the angle REU. Also the angles НРО and HER are 
‘equal, Therefore (be angles FEU and EFD are equal. But the 
angles FEU and EFD havo been proved to be supplementary, 
Therefore onch of them is a right angle. 





Conottauy 1. i 


If а and b denote the two sides of а right-angled triangle and е 
‘the hypotenuse and if A, p denote the angles opposite the sides a, by 
then a three-right-angled quadrilateral existe of which the fourth 
angle in B and the sides reckoned in order from this angle are ta. 
"e 

‘This follows at once from fig. 2, if we observe that angle DAE 
is f, length of AD ist, length of DF is o, length of FE is m^, being 
the distance of parallelism for angle EFZ which is complementary 
to angle DEM or ABC, and the length of AE is e. Thus ADFE is 


“the three-right-ongled quadrilateral whose existence has to be 
established. 


"fe above simple synthetic proof of a fundamental theorem due 
| заана 
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COROLLARY 2, 


Given a length I to constevet the corresponding angle of parallels 
fam А. lalyai*e clarvicat ronstruction.* 


Take а length AD equa) tot, Draw DF at right angles (o AD 
and of any length. Draw FE at right angles to DI and draw AR 
Perponitiquler from A on РЕ. Thus DF amd AE ore obtained 
Gonntruct a right-angled triangle with DP ox base and АК не hypo: 
Manuwe. The angle opposite to tho baee is the required nagle A. a 
ja obvious from Theorem 1. See fig. 1. 





Тикокем 2 


ABCD ia a threcoright-angled quadrilateral having right angles at 
A, Band С. A'U and OV are parallel to AD anl CD, vespertively 
and: perpendicular to BO and ВА, respectively, where A’ lies on BC 
produced and C ties on HÀ prodaced. From OV ta out off CE equal 
fo AD and from A'U is eut off A'P equal to CD. See fig. 3 

Then EP is the common perpendicular to CF and A'U. 








Produce AD to X und CD to Y, Join ED and ЮУ. Ruppoee p 


Îs the common parallel to 4 

DX and DY, Thea the 

perpendicular biseotors ot NC 
CM vnd AC which are A 
sho the perpendicular * 
Мейиз of DF and DF. |. — 


metry the angles FEV and EFU are equal, 


11 can be shewn, as in Theorem 1, that E, D, F апта be оой 
nent and that D lies om the såle of EF on which B ties. 


* Ves алайа reni we Veterano. ————— 
ets Oulu, San: Raslidees Pinna Gamot ani Терена, p FR * 
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Produce BA’ to К. making AK equal to BC, draw KL stright _ 
ungles Ww BK ond 5 i 
equal to ВА. Join 
LF ond produce it 
2. Thon FZ is paral- 
lol bo CY, because t 
quadrilaterals ABCD 
md LKA'F am eom- 
grunt and AX is 
parallel to VU. Sev 
fig 4 

From O the mid- 
point of CA’ draw 
GW parullel to CY. 
Then GW will pose 
through the mid-point H ot EF. 

Drew MN and PQ common perpessicvlare lo the line-puirs LK: 

А GW and AD, GW aml ER, FS perpendiculars to QW. 

"Then obviously MN and PQ ere equal and consequently the {wo 
throerightangled quudrilatersls LMNW and C/PQW are congruent. 
Also because LF aod C'E are each equal to AD, they are equal to 
each other, Hence it follows from the congruence of the pentagons 
NMLFB aod QPCER that FS and ЕП are equal. Consequently GW 
bisects EF. 

~ Tben because G is the mid-point of A'C. and GW is parallel to 
OY, it follows thet WO is parallel to UA’. Also becouse ER is equal 
to FB the angles FEC’ and EFA’ are equal, But these angles hare 
been proved to be supplementary. Therefore esch of theca is а 














‘Tight angle. 
‘Conoutany 1. 
Ц we write the five elements o, b ©, А, н of а right-angled 
triangle, in the order А, p. ө, е, b there exists a rectangular pentagon 





i ehose siden in onder are 1, m, a', e, W. 


Suppose ABCD is the throe-rigbt-angled quadrilateral correspond- 
Д ing lo a right-angled triangle with elements a. b. o, A. p, so that 
АВ, BC. OD, DA are equal to m’, 4, L c, and angle ADC ls equal 

°з. 
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Consiriet the rectangular pentagon A'BC'EF as in "Theorem 2 
‘Then PA’, A'B, ВС. СЕ are equal to. т, и. ¢ Tho fifth. sido EY 
‘corresponds (о angle of parallelism EFZ which is complementary to 

UFZ. But UFZ is equal to XDY, that iv 8, ко that EP bs 
‘equal to b'. See fig. 4. 


ConnaARY 2, 


With ouch vertex of the rectangular pentagon ва origin we con 
reconstruct  three-right-angled quadrilateral and from thie gain а 
right-angled triangle. The sides of the reotengular pentagon msy be 
written in ondor ín five different ways 





By identifying esch of the sete (2), (3), (4), (5), with the set (1) 
we havo five sete of possible values of а, m including the 


given set, өй. 
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GENERAL THEOREM OF CO-INTIMACY OF 
SYMMETRICS OF A HYPERBOLIC TRIAD 


ву 
S. Мокпоғаритаха axo В. C. Bose (1026)* 


1. Іхтлороетон. 


Hy а hyperbolic tried is meant a group of three elements (points 
or lines) lying upon a hyperbole plane The group may consi 
either of three lines, or two lines and a point. or two points and а line 
or three points, and the elements forming tbe group may be situated 
in any manner whateoever on the plane. The scope of the presse’ 
paper is to extend to all hyperbolic triads the well known conourrency 
theorems of the angle bisectors and the right biseetors of tho aide of 

© a triangle formed by three Tine elements mosting t three setus! 

* vertices, 

The extension of the angle bisector theorem to all possible triads 
of linear elements, meeting at actual, improper or ideal vertices was 
effected by pore Geometry in а paper by 8. Mukhopadhyay and Bhar 
published in the Bulletin of the Calcutía Mathematical Society (Vol. 
ХП, No, 1, 1920-21). They were frat to introduce tbe concept ot 
the symmetric between two directed lines, and to show that in 
certain cares it may be a point. The concurrency theorems of the 
angle bisectors of an ordinary triangle were tben shown to be merely 
. particular cases of the general theorem of concurrency of symmetrics. 

between three directed tines, 
То the present paper the concept of symmetric between а point 
“and а ое has been first introduced. Ву the introduction of thie 
. important concept which is claimed to be novel. the difficult problem 
ot generalising the concurrency theorem of the right biseotors of the 
ides of triangle wo as to cover tho cases when two or more of the 
© ides do not meet at actual points bas been completely solved. 
by the introduction of the concept of intimacy it bax been 

Es — — espasial concepts of impro- 

Par, end c poat кй o ame time ove fo our theorems 


‘From Bulletin, Celestta Матаи Sociniy, Vel, 17, 1698 






























to GEOMETRICAL PAVERS 


Alarger soope lor generality. Some other now terms end sencepre 
bave who boen introduced which will be found in their proper ploces 
Tho final result obtained is an elegant geometrical tbeoreta of a hih- 
ly general charactor which applicable to all hyperbolic triode, «nd 
durer combines ia one the two distinct theorems of omcurrency. 
alrondy mentioned. Tho theorem as well as the numerous dedue- 
tious which have Gwen mado from it, will, it is hoped, prove Inter- 
eating to ай lovers of Non-Euclidesn Geometry. 

4, Len 1,—Jf РүРуХ be perpendicular to O, NO, and if PN 
amd PaN be complementary lengths, then a horoeyele through Py and 
Py will touch 0,0, ө! some point О, or Og, auch that O,N ot ON 
би complementary to the length 4 (NP; + NP). 

Lek OX be a tangent to à horveyele at O and P,N be. perpendieu. 
dar from ony point Py on the horocyele on OX (Fig. ). Drew OY 
perpendicular to OX towsels the «ane side on which P, lies, so that 
DY is an axis of the harveyel, drawn from O in the direction of 
parallels, Draw P,L na agis of the horooyele at I. 


Lat OX ez, Р,Х=у. OP mds, LLP On YOR me 
Then evidently p is the angle of ё 
* parallelism for tho distanco а. 


fan smesse 
EE 


ч * 








* or sink ye sinh Fe 


м 
nsi Again cosh еен» cosh y 
A eink утсо z cob y 


> oF cosb z=nech ys tanh у 
Squaring i) ood simplilyiog, we get 
‘siub?y=2 cosech®s sinb y + 1= 


Ma aay Me ty emendi кр» 
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‘Thus i NP, cute the horceycle again at Py, NP, and NP, are 
complementary. 

From M the mid-point of P,P, draw MD parallel to PL, Then 
MD ів parallel to OY. 14 follows that the length ON is somplemen- 
tary to the length MN which is 4 (NP, + NPs). 

Corollary —If N, Ру, М. Ру be points taken io order upon a 
alright tine such that M (a the mid-point of Py Py and lengths NF, 
and NP, are complementary, then cosh MP, = м MN. 





From equation (i), cosh xm BE oe, 


sinh (y, — yg) con y,—coab ys. 


or «ов à (yy — уз) = sini à (у, + уз). 
But Moy oy) m МР, sad } (y, + ys) = MN 
Henos bosh MP, inh MN. 


3. Darnittioss-— The principal line of a pair of elements consisting 
nf a point and а tine, Lot Р hee point and AB а line not passing 
through P. Drew PL perpendicular to AB meeting AU atl, Take 
T on PL such that FL is complementary to PL, P and P lying on 
the same side of L. Let M be the mid point of PP’. Then the line 
perpendicular to PIV at М is defined to be the principal lipo of P 
sad AB. 

Tt follows trom the corollary to Lemma I that cosh MP» 
ML. 

‘The principal point of а pair of elements consisting of a point and 
я tine —Lat P be а point and АВ а line Bot passing through А. 
Draw PL perpendicular to AD. meeting Al at L. Tako L' on PL 
such that РІ? ja complementary to PL, L abd 1/ lying on the «ame 
side of P. Let 3 be the mid-point of LIZ. Then the point 8 is 
iHefined na Ibe principal point of P and AD. 









that cosh 51гә sinh SP. 
The locos of pointe 
equiilistant from two given parallel lines is « line parallel to both, 
This line ix defined to be the middle parelel of the two given lines. 

4. Launa 1.—17 Q be any point on the principal line of Р und 
КАР them Sesh quss OD where D o he fact of the perpendicular 
evn from gon a. 
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Lat P bea point and АВ any line not passing through Р. Let 
PL be drawn perpendicular to AB, L Iyiag on АВ. Let MQ be the 
prinolpal line of P and AB, М lying on PL, Lot D be the foot of 
the perpendiculor drawa from Q on AB. Join QP (Fig. ñ)- 





‘Thea sinh QD=sinb ML cosh MQ, 
coh РМ cosh MQ, 
eh PQ. 
Lua П1,—1/ a line is perpendicular 
t to the principal line of P and AB and if 


р із the length of the perpendicular from 
Р от this line, then 
sinh р= сов 9. 1, or cosb d 
according as the ling intersects AB at 
^ an angle o, it parallel toit, or possesses 
" О а common perpendicular of length 4 
f with it, 
Let AB, P, L and M be ax in Lamma П. Let QO be any line 
= perpendicular to MQ the principal line of P and AB. Let PK be 
the perpendicular from P oo QO such thet PK ер. Let QC cut AM 
‘ab an angle e (Fig. йй), be parallel to it (Fig. iv). or possess a common 
perpendicular of length d with AV (Fig. vj 
^ 













T een + 
К sh PM sinh MQ. 


0 
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Тамма TV.—If a line passes throvgh the principal point of P. and 
АВ, and if p be the length of the perpendicular from P on it, then 


sinh р= сов s. 1, or cosh d 


the line intersects АВ at an angle p, is purallel to Й, or — 
а common perpendicular of length d with ft. 


Let AB, Р and L be as before. Let SH be amy line throogh В 
the principol point of P end AB, iterseeting AB at an angle ¢ (Pig. 
vi), parallel to it (Fig. vii). or possessing a common perpendicular of 
length d with it (Fig. ei). Let PR be the perpendicular from Р on 
SH such that PR =p, 


Р 
> 
NS 
^ в 
3 D 
з fig fiy vii 





Á 
A- ru 
x 
375 сүй 
Then comb d, 1, or cos p=cosh SL sin LSH, 
=sinh SP sin LSH, 
sinh p. 


5. амма V.—If PM be a perpendicular to AB from а point P 
lying in AB and if p be the length of the perpendicular from P on. 
‘ony line parallel to РМ (in the sense PM) then 

sinh p eos ө. 1. or cosb d 
‘according ва the line intersects AB at an angle p ix parallel to it, or 
possesses а common perpendicular of length d with it, 
10 


ла. o- 
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Lat P be «point la the liao АВ. Let PM be drawa porpoailir 
ош to AB. Let OQ be а line parallel to РМ (in the sonso РМ). 
Tat CQ intersect АВ at an angle ¢ (Fig. iz), be parallel to it (Fig. ©), 
or possoss a common perpendicular of length 4 with It (Fig. #0: 
— — Ррер. 


ALA А] 





a т fyx 7 ух " " 
cos #, 1, or cosb d= cosh PL sin LPB, 
cosh PL cos MPL. 
coh PL tenh PL, 
anh p. 


0. Dirmiacy ахо солжттмаст, 


The elements wo will deal with are the point, the lino, and the 
oroazole, the last being representative of n conceptual point to s 
whioh its axes converge. All horocyeles with the same syatom of 
axes ere equivalent, 
А point and а line will be ealled intimate if the former ties on 
the letter, Two straight lines will be onlled intimate it one ls per: 
pondicular to the other, А straight lime and а horocycle will be 
‘called intimate if the line is an axis of the horooycle. A horooyele 
may be regarded na intimate with itself and consequently with soy 
equivalent. 
"Tbe join of two elementa is a hind element intimato with both 
Between any two dixtinet elements a unique join always озіне. 
‘The join of two points i» a straight line paming through both. "The 
Join of a polnt and а line is the straight lioe through the point, por- 
qenlieular to the giren line (ihe point may tie on the line). The 
join of two intersecting straight lines i» their point of intersection. 
‘The join of two parallel lines is аву horooyele of which both tha lines. , 
— ‘The join of two non-interseoting and non-parallel lines is 
Tine perpendicular to both. The join of s point and a borooycle 
{eta ob rayon чы eet ы paint, E 
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"The join of two horocyclos is the straight line whioh meets both 
 hotocyeles ot pee angles and consequently is an axis to either horo- — 
cycle. The join of э borocyele and a line, not its axis, i» that amie - 
of edo paleas to the given line. The join -— 
of » horoeycle and а line which is iis axis may be taken to be the. 
horocyele itself or any eq: it boroeycle. 

Any three elements will be called codntimaie it there iss 
common element which i» intimate with «ach. Thus three 
lines passing through tbe same point are co-intimate as each of them — 
is intimate with this point, Also three straight lines parpendicular 
to the same straight line are co-intinate Again threo straight lines — 
parallel in the same sense are co intimate ss euch of them is inbi- 
mato with а common horocycle. ‘Two lines and a point are co. 
mate if a straight line through the point perpendicular to one of the 
lines in also perpendicular to the other line, Two points and a line 
жее co-intimate if the straight line passing through the points is por- 
pendioular to the line. Three points are eo-intimate if they lie on 
the samo straight line. Two lines and » horocyole are co-intimate 
И ап axis of the horocyele is perpendicular to both the lines, Again 
two linos and n horooycle are co-intimate if both the lines are axes 
of the horoeyele, for in this case «ach of the three given elements ie 
intimate with the Богосусје itself. A point, a line and а horooycle 
жге co-intimnate if the perpendicular from the point to the line, i». an 
ezis of the horooyele, Two pointe and a horocycle are co-intimate 
if tho straight line through the points is an axis of the boroeyele. 
‘Two horocyoles and a line are eointimate if the common axis of 
tho t ‘lex i» perpendicular to the line. Two horocyeles and 
* point are co-intimate М the common axis of tbe two boroeyele 
Passes through the point 

14 would hardly be appropriate to call the three elements con: 
‘current im ali the «bove cases. Wo have therefore ventured to 
introduce the name co-intimacy to cover all these oases and hope 
that it will be acceptable to Mathematicians. Б. Mukbopadhyaya 
ue used already the expression * range of intimacy (eotntimacy) of 
(wo enrves” for the set of points of intersection of the two curves 
{Bir Asutosh Mookerjee Silver Jubilee Vol. П, 1922), 


3, Dimscrep въвмвхте. 


— E ra E ae s two opposite 
With each point P we may associate a clockwise ога 
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y ‘counterclockwise direction of rotation sbout the point, With each 
BA. 


We attach no sense to в horoeyclie element. A point ora line 
taken with » particular direction amociated with it we will call a 
directed element. 

The sense of a directed line AB relative to а point P is defined 
to be clockwise or counterclockwise according as the circuit PABP 
d clockwise or counter-clockwise. 

i ‘Two directed pointe having the same senso are called similarly 
directed, They aro called oppositely directed il they have opposite 
senses. 

А directed point and a direoted lino are called similarly directed 
И the sense of the lino relative to tho point is the samo as the setae 
‘of the point. If these senses are opposite, the point and the line 
aro said to bo oppositely directed 

Two directed lines parallel to one another are called similarly 
directed И the setae of each la the same as the sense of parallolism 
от opposite to It. They are said to be oppositely direeled if the sense 
of one is the samo ва the senso of parallolism while the sense of tho 
‘other is opposite to it. 

Two directed lines with а common perpendicular are called 
similarly directed if they have the samo sonsa relative to a point on 
this common perpendicular produced. while they are said to be 
eppositely directed if thair sensos relative to such a point are 
opposite. 

B. THRE MEASURE OF DIVERORXCE RETWEEX TWO DIRECTED RLEMEXTH, 


Tbe divergence between two directed points at а distance d apart 
is measured by—cosh d, or +eosh d according as the pointa are 
similarly ot oppositely directed, 

The divergence between а directed point and directed line at a 
distance d from it is measured by—rinh d, or + sink d according a 
‘the point and the line are similarly of oppositely direoted, If thoy 
‘are intimato the measure of divergence between then vanishon. 
“ "The divergence between two directed lines meeting at a point 
* ad making an angle è with one another is measured by cos d, 

4 ‘The divergence between two directed lines parallel to ове another 

ie measured by +1 or =1, according as they Spaey 


Р 
y line AB we may associate either the dirootion AB or the direction 
h 
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The divergence between two directed lines with »eomimon. 
perpendicular of length d is measured by +eosh d, or —eosh d 
according as the lines are similarly or oppositely directed. 

Ц p be a directed element such thet the messure of divergence 
between p and в given directed clement « is the same ae the measure 
of divergence between р and another directed element f then p ix 
defined to be equidiveryent with « and 8. Itis evident thet i a 
directed element p is equidivergent with the directed elements а and 
A, an also with the directed elements « and y, then pis equidivergent 
with and y. 








0, HONOCYCLEN SQUIDIVERORNT WITH TWO DUGCTRD ELEMENTS. 


A horocyele is said to be equidivergent with two directed pointe « 
and f И an equivalent horccycle passes through both а and Я snd 
i every directed point taken on this equivalent borocyele is either 
similarly directed to both « and А or is oppositely directed to both. 

А horocyele is sald to be equidivergent with а directed point а 
ond а directed line if an equivalent horoeyele passing through « 
touches B and if every directed point taken on this equivalent 
horocyclo is either similarly directed to both а and for is oppositely 
directed to both. 

А horocyele is anid to be equidivergent with two directed linos » 
and fit an equivalent borocyele touches both and И every directed 
point taken on this equivalent horocysle i» either similarly directed 
to both а and 8 or is oppositely directed to both. Again а boroeyele 
ja sald to be equidiveryent with two similarly directed parallel lines 
a and f, if both a and £ аго axes of the horosycle. 

We shall now show that if H is а horoeyele equidivergent with 
the directed elements а and £ and also with the directed elemen 
a nnd y thon H is equidivergent with # and y. 

In the first caso suppose that a and £ are not similarly directed 
ратне! lines, Draw a borceyele H’ equivalent to Н and passing 
through a if it is а point or touching « it it ix a Sinco H is 
‘equidivergent with а and 8, H! passes through В if it in a point or 
touches f, if it жа line. Since Н is equidivergent with e and y, H^ 
passes through у, if it is a point or touches y, if it isa Jine. Ар 
if Р in any point on H” similarly directed to a, it follows that P ier 
‘simiilarly directed to f эв well as to y, und И Q is ару point on H' 
oppositely directed to «, it follows that Q is oppositely directed to А as 
well ne to y. Hence from definition Eis equidivergent with £ and y. 
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Nazî suppose a and 8 to be similarly directed parallel lines Tho 
horooycle touching both « and ff is not in this case equidivergent 
With « and 8, as any directed point on this horoegcle is oppositely 
directed to  whwo it is similarly directed to». lu this сове МИ 
orovyelo which bas both » wud 2 as axes. Since H ia equidive 
With a and y, the laiter must also be an axis of Н and similarly 
dircoted to =, Ii follows that @ and y sre both axes of H and are 
similarly directed. Hence from definition Н is equidivergent with 
Bund y. 












10. "Tum SYMMETRIC вату TWO DIRECTED шлмкхт». 


Between any Iwo directed elements a and 2 there existe a unique 
slement {of} intimate with all elements (directed points, directed 
lines, or borocycles) oquidivergent with 8. {af} is defined to 
bo the aymmetrie between » and Д. 

() The symmetrie between two similarly directed pointe P and 
Ф ia the right bisector of PQ.—Let р be the right biseotor, Obviously 
‘any directed line or directed point intimate with p is equidistant 
from P and Q, snd is either similarly directed to both Р and Q or i 
‘oppositely directed to both. It is thus equidivergeat with P and Q. 
Again il there be ө boroeyele H intimate with p Ge., having p as an 
axis} then a boroeyclo through P having the same system of axes as 
Н, passes through Q. Since P and Q aro similarly directed, every 
directed point on this second horoeycle is either similarly directed 
with respect to both P end Q or ls oppositely directed to both, H 
is thon by definition equidivergent with P and Q. 

(i) The symmetrie between two oppositely directed pointe P and 
Q ia the mid-point of PQ.—Any directed line AB intimate with the 
mid-point is equidistant from P sod Q. Since P and Q ооп 
‘opposite sides of AB the circuits PABP and QABQ have opposite 
sonses. Hence if the ease of P is the samo as the sanso of the 
‘circuit PABP the sense of Q is the samo as that of QABQ, while if 
the sense of P is opposite to the sense of PABP the senso of Q is 
opposite to that of QABQ. Та every case theretore AD is similarly, 
directed to both P and Q or oppositely directed to both. It follows 
that AB is equidivergent with P spd Q. 

= (ù) The symmetric between a directed point Р and a tine AB 

similarly directed to it in the principal line of Р and AB.—Lot p bo 

‘the principal line. Let Q be any directed point on p. Then Q 

must be on the sama sido of AB as P since р cannot iotersect AB 
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as it possesses а common perpendicular with AB. Hence 
either similarly directed to both P and AB or is oppositely 
to both. Lemma If then shows that Q is equidivorgent. with P 

AB. Similarly it follows from Lemma III that any line D 
with p (i e., perpendicular to p) is equidivergent with P ond AB, 
Again Lemma I shows that a horocyele through Р [wo 
axis touches АВ. Itis also obvious that every directed poiat 
this horoeyele is either similarly directed to both P und Al 
‘oppositely directed to both, since all polate on the horoeyele Ii 
the same side of AD as P, It follows that any horocyele intimate 
with p is equidivergent with P and АВ. 

) The symmetric between a directed point Р, and а line AB 
oppositely directed to it ix the principal: point of P and AB—Let 8 
bo tho principal point. Taking into eoasideration the directions 
f the elements concerned, it follows at onee from Lemma IV 
thot any directed line intimate with 8 le equidivergent with P 
and AB, 

(0) The symmetric between a directed point P and a directed li 
AB intimate with it la a horoeyele having as an axis the directed li 
PL, the sense of AB relati to L being the same ая the sense of the 
directed point P.— Let H be this horosyole, Tè follows from Lemma 
V that any directed line intimate with Н le equidivergent with P 
and AD. Again » borcoycle H equivalent to H ond passing through 
P touches AB at P. All points on H' lle on the same side of AB 
ле L and therefore the sensos of AB relative to every point on H' is 
tho same as the senso of P. Ts follows that every directed point on Н' 
v either similarly directed to both Р and AB or oppositely directed to 
both, Hence all horocycles intimate with H and therefore equivalent. 
to it, are equidivergent with P and AB 

(o) The symmetric between the directed lines OA and OB meet- 
ing at the point О (e the externat bisector of angle АОВ 

(eii) The aymmetric between two similarly directed parallel lin 
ds a horocycte having both the lines as ores, 

(iil) The symmetrie between two oppositely directed parallel linea 
da their middle parallel, 

(ia) The aymmetele between бео similarly directed linea with a 
sammon perpendicular ix (he mid-point of thia perpendicular. 

e) The aymmetrie between two oppositely directed tines with a 
mon perpendicular ія the line beacoting thie perpendicular at 








Е 
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Conversely it can be shown in every caso that 
directed line оғ a boroeyle equidivergent with the 
a and Ê ie intimate with the symmetrie [49]. 


ML. Тиконкм,—1/ à. 0, у be any three distinct directed elements 
{pointe or lines) ona hyperbolic plane, the aymmetrice (By). yn) 
ond {a8} are oo-intimate, 


First suppose {уз} and {af} have a point or a line element a» 
their join, Cull this elemeat p abd amccinte a particular direction 
noted element intimate with the symmetric 
between the directed elemente у ond a, p ia therefore equidivergent 
with yaod », Similarly p is equidivergent with « and 8. Tt follows 
from Art. B that p is equidivergent with / and y. Henco p must be 
intimate with the symmetrie {By}. The symmetries {a8}, {Ay}. 
{ya} aro therefore co-intimate, each being intimate with tbe common 
element p. 

Nest suppose that the join of {ys} and {48} is а horocyclic ele- 
iment Н. T fs then equidivergeot with y ood « being intimate with 
‘tho symmetrie between them. Similarly Н is equidivergent with a 
and 0. Tt follows from Art. 9 that H is equidivergent with A and y. 
Ii must therefore be intimate with the symmetric {By}. Hence the 
Symmetries (af). {By}. [ye] are eo-intimate, esch being intimato with 
‘the common element 11. 


directed рой 
ted elemer 














18. Воммаяу or canes 


‘The following are the more important cases ot the genera! theorem 
proved. 

Cane Ll] а triad consita of three points A, В, C, then 

(0) The right biseotore of the lines BC, CA and AB either meet 
‘at û point, ero all parallel in the same sense, or are all perpendicular 
to а common line. 

(0) "Tbe right bisector of BC moots at right angles tbe line join- 
ing the mid-polnts of CA and АВ. 

Case 11,—l] a triad consista of a straight line Land two points D. 
‘and C lying on the tame side of it, then 

lu) The principal line of B and 1, the priocipal line of O snd i 
‘and the sight bisector of BC either meet at э point, aro all parallel io 
“the same pense, ce аго all perpendicular to а common line, 
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f CO) The principal lino of В and I maoato û right ungles 
joining the mid-point of BC with tbe principal point of Eri 
(e) "Tbe right bisector of DC meste at right angles the 


ing the principal point of Band 1 with principal point of C amd. | 


Cane Ш1,— a triad consis 
à and С lying om opposite ei 


(a) Tho principal point of B snd £ — REI NOE j 
and the mid-point of BC lie on the вате straight 
(5) The principal line of B and L snd th nia ine ol CR 


le) The right bisector of BC and the principal line of C aod Т 


Possess a comimon perpendicular passing through the priocipal point. 
of B and L 


Cote 1V.—lj a triad consista of fuo polnte D and C and a Ine E 
passing through one of the points (say B), and if BL ia dran perpens 
dicular to 1, lying on the same side of Las C, then 


(a) "The right bisector of BC and the principal tine of C und / wre 


either both parallel to BL of possess a common perpendicular parallel 
to BL. 

0) The line joining thé midpoiad of DC with te principal 
Point of C and Lis parallel to BL, 

(є) Tho perpendicular from the principal point а Gendt M 
right biscetor of BC is parallel to LB. 

» (d) Тһе porpendiaular from tho mid-polnt of BO to tho principal 

line of C and 1 is parallel to LB. 


Care Ү,—1 а triad consists of а point A and two lines т and т 
with a common perpendicular PQ (P lying on m and Q lying on n), and 
ff A liea between m and n, then 

(a) The right bisector of PQ, the principal line of A and m and 
‘the principal line of А and n, either meet at a point, ore all parallel 

| the sama «ense, or are all perpendicular to « common line. 

/— @) The right bisector of PQ meets at right angles, tho line join- 
"Зз отк i er — 
(. (e) The 
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Case VI—I} a triad consists of a point A and two lincs m and n 
а common perpendicular PQ and if the line m tics between А 
and n, then 


(0) The principal point of A and ө. the principal point of A 
and n and the mid-point of PQ lia on the samo straight 

(b) The principal line of A and m and the principal lino of A 

possess а common perpendicular passing through the mid-point 
et PQ. 

(e) The right bisector of PQ sod the principal line of A and m 


Possess в common perpendicular parsing through the principal point 
of A and n, 








Case ҮП,—1/ а triad consists of Deo linea m and n with a соте 
‘mon perpendicular PQ and а point A lying on m, and if AL be drawn 
perpendicular to m, L lying on the same vide of m ann, then 


(a) The right bisector of PQ and the principal line of A and n 
are either both parallel to AL or possess a cummon perpendicular 
parallel to AL. 

(b) Tho line joining the mid-point of PQ with the principal pol 
off A aod n is parallel to AL. 

(6) The perpendicular from the mid-point of PQ on the principal 
Une of A and n ia parallel to LA 

* (d) The perpendicular trom tbe. Prinsipal pon of A eid » to tbe 
right bisector of PQ is perpendicular to LA 


Case VIN lf a triad consista of bs parallel lines т and m and 
а point A lying beticeen them, thes 


(a) The principal liae of A and m. the principal line of A and n, 
and the middie parallel of m «nd n ore either parallel io the same 
vente, moet at а common point or are all perpendicular to а common 
Jine, 

(b) The middle parallel of m and n meets at right angles the line 
Joining the principal point of A eod w withthe priocipal point of A 

к 








(е) The perpendicular from the pribcipel point of A and n to the 
prinsipal line of A and n i» paralle! to m and я in the same sense in 
which they are parallel to each other. 





Case IX If п triad conslate of two parallel tines m and n, an 
h that m Hen between A and n, then 


(a) The principal line of A sod m. and the prineipal line of A 
n possess а common perpendicular, parallel to m and n in the sw 
sense in which they are parallel to each other, 
4 (b) The line joining the peineipsl point of A and m with the 
cipal point ot A and is parallel to m and » in the same venta ia 
whioh thay are parallel to each other, 
€) Te principe line ot A aod mand the middle. parallel of m 
+ жай n possess a common perpendicular passiog through the principal | 
point of A and Р 


Case Х.—1 а triad consists. of two parallel tines 
point А tying on m, and if AL be drawn perpendicular. 
on the same tide of т aa m, then. 


(a) The principal point of А end n lies on а line parallel to AL 
and to n (jo tho sense in which n is parallel to m). 

(b) The principal lise of A and » mosta ab right anglos tho line 
parallel to LA and to п (in the sens» in which т le parallel to m), _ 
| (c) Tho middle parallel of m and т, and the principal line of A 
‘and ^ possess s common perpendicular parallel to AL. 

(d) Tho perpendicular from the principal polat of А and n to the 
middle parallel of m and я ia parallel (o LA. 


Case XI.—If a triad consists of two lines OA and OB, meeting at 
the point О, nother point C lying in the angle AOB, then 


(a) "The intorna! bisector of 2 ЛОВ, tho principal line of C and 

ОА and the principal line of C. and OB, either meet at a point, are 

ll parallel in the same sense, or aro all perpendicular to а comraon 
line. 

(0) "The internal bisector of Z АОВ mesta at right angles the lino 

. joining the principal point of C and ОА with the principal point of C. 
and 





алап and a ^ 
m. L tying 


















© (0) Tho external bisector of АОВ, and the principal line of O 
And ОА, possessa common perpendicular passing through the prin- 
pal ssi oL о ut оз. 

jà | Cane XIII a trad comiats of heo lines OA and OB meeting 


н O, and another point C. lying on OA, and if CL be drawn 
DA. L lying on the » ‘name side of OA ax B, then 
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(8) Tha interns! bisector of ZAOB. and the principal line of Û 
‘nd OB are either both parallel (o CL or possess а common porpen- 
dloutar рагай! to CL. 

45) The perpendicular from tbe principal point of C and OB to 
the external bisector of the 2 АОВ і» parallel to CL. 

(0 Tho external bisector of £AOB and the principal lin» of © 
and OB are either both parallel to LC or possess а common per 
pendicular parallel to LC. 

(d) The perpendieuler trom th» principal point of C and OB to 
the internal bisector of £ АОВ is parallel to LC. 





Cane XIII —If а trind consiste of three lines BC, CA and AB 
meeting at the points A. D, C, then 


ү (0) The internal bisectors of the angles BAC, CBA and АСВ 
| ‘moot at а point, 

(b) Tbe internal bisector of £ ВАС and the external biscetors of 
2СВА and ACB, either meet st «point, are all parallel in tho 
d same senso, or aro all perpendicular to the same straight tine, 


н Cone XIY.—l a triad consista of two parallel tinea AL and BM, 
anid а line AD meeting the two former lines at A and D, then 


| (0) The interne! bisector of ZLAB, tbe internal bisector of 
МВА and the middle parallel of AL ond BM meet at a point. 

(b) The external bisector of ZLAB, the external bisestor of 
MBA and the middle parallel of AL and BM either meet ot a 
point, are all parallel in the same sense or are oll perpendicular to 
tho sade straight lino. 

(е) The internal bisector of £ LAT snd the externa] biseotor of 
МА possess а common porpenilicular parallel to AL and АВ. 


Саве XV.—I] а triad conalrts of two lines AL and BM having a 
common perpendicular PQ, amd a line AB meeting the two former 
Tinea of A and П, and if L and M the on the same side of AD. then 


(a) The interno! biseetors of LLAP ond £MBA, snd the right 
Wissotor of PQ either meet at a point, are ail parallel in the same 
жез or are all perpendicular to a common line. 

(hb) The interns! bisector of ZLATI and tbe external bisector of. 
al meh Perpendicular passing through the mid- 



















CO-INTDIACY OF SYMMBTAICS OF A HYPERBOLIC 












Саве ХУТ. а triad contista of two lines OP and OQ mee! 
О and another line LM such that PL fe а cor ndioular to ( 
and LM, ond QM is a common perpendiewlar to OQ and 


(4) The internal bisector of £ POQ. the right. bisector of PL, à 
the right bisector of QM meet at а point. E. 

(ù) The internal bisector of ZPOQ meets at right angles 4 
lîse joining the mid-points of РІ, and QM, 1 

(0) The external bisector of 2 РОС and the right bisector of 
possess п common perpendicular passing through the mid- 
QM. М 


Cane XVIL—Lf a triod consists of three tines AB, CD ond ЕР 
such that AC is а common perpendicular to AB and CD, DE lea 
common perpendicular to CD and RP, and РВ is a common perpen: | 
dicular to AD and ЕР, and if every fio of the tines lie on the same 
side of the third, then ” 


(a) The right bisectore of AC, DE and ВР either meot ata point, — | 
are all parallel in the same sense, or are all perpendicular tos — 
common line. 

(0) The right bisector of AC mests at right angles tho line joining 
mid-pointe of BF and DE. 


Cose XVIII—I] а triad consiste of three lines, a, b, e, every two 
of the lines possessing а common perpendicular, ond two of the 
ines, any b and e, lie en opposite sides of в, then 


(a) The mid-polnts of the three common perpendicular lie on 
the same straight line. 
` (h) The right biseetors of any two of the common perpendiculare 
thomselvos possess a common perpendicular, which passes through 
the mid-point of the third common perpendicular. 
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TRIADIC EQUATIONS IN HYPERBOLIC GEOMETRY 


ву 
S. Мокиоғариулта лхо В. C, Bose (1997) * 
1. Іхтвороспох, 


The present paper isan application and development of the 
principles explained and developed io the paper "General Theorem of 
coxintimacy of Symmetrics"* published in the Bulletin of the Calcutta 
Mathematical Society, Vol. XXVI, No. І, 1026 and should be read for 
proper understanding along with that paper.t A short resume bow- 
етее is given of the principles explained and the notations used in 
that paper vo that in a manner it can be followed independently of 
that paper. The * triadic co-ordinates * introduced and xo named in 
this paper differ from ' Wierstrassian co-ordinates " mainly in tho 
net that any of tbe elements whose co-ordinates are united in апу 
‘equation may be indifferently а point or а lino. ‘Thus points and 
lines stand in а relation of unity and not of duality 











2. Derwmoxs. 


"We will denote tbe point, the line and tbe horocycle as basic 
elementa. 

All horoeyeles having tbe same system of axes will be considered 
equivalent as representing the same basic element, which ix а con- 
‘eoptual point at infinity to which all the axes converge. 

А point or a line as a basie element can have sssociated with it 
two directed elements of opposite senses. The horocycle as a basic 
element stands quite isolated in thia respect. 





$ From Balletin, Calootta Mothematical Society, Val. 18, 1927. 

+ The uae ot oriented pointe and liven which was frot made in the paper 
‘above referred to sod bas bees maintained ia thie, forms a special feature of this 
paper. T. Takuan of the Тама Терин! University ia ка elegant paper ^^ Natoral 
‘Non-Boclidean Geometry, Doshly Oriented Paints, Lines aod Places as Eiemante "7 
раш! in the Tooke Mathametical Joarnal of Аре, 1928, bas developed the 
Meer] ef абала of pointe, lines and plenes in Non. Ванна Yap sce: 

















TRIADIC EQUATIONS IN HYPERBOLIC GEOMETRY - 


То a basic line element can be associated two directed line el 
‘ments having tbe same position but opposite sentes, l.e., directions 
of imaginary translation along them. 

To а basic point element сап be associated two directed point 
elementa having the same position but opposita senses, Le., direc- 
tions of imaginary rotation about them. 

The two directed elements associated with a basic point ora 
basic line will be called its orients. Of these if one be called the. 
Positive orient the other will be called the negative orient. 

Ta be в basic element, a point ога line, ite two orienta will be 
denoted by з, and a and either of them by а, 

‘Two basic lines will be called intimate if thoy are at right angles. 
А basic point ond a line will be called intimate if the latter 
poses through the former. A basic line ia intimate with a boro- 
суйе if tho former in an axis of the latter. A horocyele will be 
called intimate with Itself or any eqivalent borocycle. Ii may be 
observed that two basic points cannot be intimate, neither cana 
basic point and а horocyele be intimate under any circumstances. 

The join = of two basic elements is a third basic element intimate 
with both, It will be observed that з unique join existe in every 
caso. Ifa and f be any two basic elemente then (a 8) will represent 
their join, Similarly the join of y with (s 8) will be represented by 
008) and the join of (of) with (78) by 1068778) and so on. 

Any three elements will be called co-infimate if there is а com- 
mon element intimate with each. 

The sense of a directed line relative to a point not lying on it may 
be clockwise or counterclockwise. Similarly the sense of a directed 
point about the point itself may be clockwise cr counter-elockwise. 

If the sonses of two directed points are both clockwise or both 
counter-clockwine they are said to be similarly oriented, but if one of 
the senses be clockwise and the other counter-closkwise they are ssid 
to be oppositely oriented. 

И the senses of а directed line and a direcled point be such that 
‘the sense of the former relative to the base of the latter and the 
sense of the latter itself are both clockwise or both countorclock- 





NL wise ‘they are said to be similarly oriented but it there senses be 


‘opposite they are said to be oppositely oriented. 






‘For summary of the various chose that arisa ace the paper referred to io 
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If two directed lines be parallel and tbe senses of both are in the 
direetion of parallelism or opposito to it. thoy are said to be similarly 
‘oriented, but if one of the senwes be in the diroctina of paralloliun 
‘and the other against it they are suid to be oppositely oriented. 

Two directed lines with а common perpendicular are allel 
similarly oriented if thoy have the same весно relative to a point on 
this common perpendicular produced. while they are suid to be 
oppositely oriented if thoir senses relative to euch a point are 
‘opposite. 

А directed element is «ald to be intimate with a basic element 
‘when the base of the former is intimate with the latter. 

Two directed elements aro said to be intimate when their haser 
‘are intimate, 











3. Divesoeves, 

The divergence between two directed points at a distance d 
apart is measured by cosh d or + cosb d according as the pointe are 
similarly or oppositely oriented. 

The divergence between a directed point and a directed lino at a. 
distance d from it is measured by—sinh dor + wh d according ms 
the point and tbe line are similarly or oppositely oriented. 

‘The divergence belween two directed lines mecting st « point and 
making an angle à with one another is measured by cos б. 

‘The divergence between two directed linen parallel to one another 
jn measured by + tor =1 according as they are similarly or oppo 
sitely oriented. 

‘The divergence between two directed lines with а common por- 
penilicular of length d is measured by + cosh d'or cosh d according 
ва the lines are similarly or oppositely oriented. 

И we denote divergence by div, then evidently we bare 


div (o. B.) div б... AJ div (as, Й.) div (e, Й„) 


Tt should be noted that the necessary and rufficlent condition that 
two directed elements sy and By are intimate ie dio (glo) m0. 


A, CO-ORDINATRE OF ELEMENTA KEVERAED TO A SELY-INTIMATE TRIAD, 


A triad of direated elements such that each is intimate with tho 
ober two, will be called а self-éntimate triad, 
уте — lines intimate with one another. 
rd point intimate with both £, and yo, ‘Then Eoy 
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Тон Xo from a aolt-intimate triad. If «, be any other directed 
element thea 
div (ao fo), div (ao qu), div (s ba) 
will be called the trladie coordinates of ад. 


5, Тия IDENTICAL RELATION SATISFIED BY тин CO-ORDINATES OF p 
DINECTED RLEMENT, 


~ 





Сат L—Let Py bo а 
point with co-ordinates zy. у, жу. 
14% (be the length of the radius 
westor. drown from $o to Po and # 
the angle which thin radios vector 
makes with fo Also let u and е. 
а the lengths of the perpandiou- 
Jars drawn from P, to f, snd ла 

f, respectively. (Seo Fig. (D.1 








БР) Thea 
Li 
11 div (P, jo) eh * E] 
Hence * -1. 
kO 
л Саве П. —Agaia let fy bo a direct- 


ed tine with co-ordinates se. ye. 
ža, Lat р be the length of the par- 
pendioular from f, om la and & the 
angle this perpendicular takes with 
Eq. Let std y be tbe angles whieh 
То makes with £y end y, respectively 





[See Fig. (2).] 
Se * 
Now PESE c ires » 
eon # coh p 
E т 
PO +1. 


the es-ordinates of a direeted element 
و‎ = 31 mM 



















` ihe upper or the lower sign being taken according as the element. is 
point or a line. 
E Formuese ramone. 


И гү, yy. 44 be the co-ordinates of a directed element ay and zy, 
as ө» the co-ndinates of а directed clement fy, then 


divlas Bu) mr n. + у, 


B. 








Cur 1—14 oye Ro bo 
similarly directed pointe, Lot 
ту, fe be the eng of the 
radius weetors from $o 10 o 
and let $, 6, be the angles 
which thee radius vecors 
makes with fg. Also lot d bo 
the distanos Hetween a und. 
3. Po (Bue Fig. 0).] Thea 


from. 













‘TRIADIC EQUATIONS тх HYPERBOLIC авометат 


yam cos бу cosh py trom 
sinh p, trom 


Therefore үг * У,Уз = 41g eon py cosb ру oos (û, ~ê) 
sinh p, sinb рз, 
eos вем) 


The same result would be seen to hold when ay, Ay ara parallel ce — 
'non-intersecting. 


Cave П.А oy be a directed point and Ay а directed lina. 
‘This cwe can be treated on Lines similar to those adopted before. 


7. EQUATION ov A BASIC ELEMENT, 


Wo shall show that the co-ordinates of all dircoted eloments inti- 
mae with a given basic element (point, liso or boroeycle) satisfy а. 
linear equation, "This equation will be called tbe trisdie equation of 
the given element. 


Care I—Laet the given basic element » be а point оғ a tina, 


Lot оо bean orient of a, Let a, b, c be the coordinates af ag. 
Lat yo be any directed element intimate with s, and let z. y, à Le the 
voonlinwMes of yo. Mouce by definition ya snd sp are intimato. 
‘Thos div (noyo) vanishes. We then get from (8) 


aas by cant > @ 


‘Tho liosarequation (0) is кайайей by the co-ordinates of all 
ircoted elements intimate with o 

Corollary (1) —1f ax + by—camO be the equation uf o, а baale point 
busie tines and p. g, * ате the co-ordinates of ag. an orient of а, 




















then 
Pe- “о 
Corollary (1—1 ax+by—c2=0 be the equation of а point, 
Eus, atate we 0 
but if the same le the equation of а tine 
oF + beat (13) 





* result follows from (7) and (10). 
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Cose 11.—Lot the given element « be a horooyo le. 


Lot py di Fy and Pas Ча, ra be the coordinates of two fixed 

directed parallel lines Mp and yo intimate with the horo- 
ayele, Lot з, y, ә be the co-ordinates of an arbitrary directed line 
% intimate with a. Then 8, i» parallel to both Ay and yo, and is 
liher similarly directed to both f, and y or i» oppositely directed 
te both. In the former osse div (4,0,7 =div (ios) m * 1. while in 
the latter caso div (gf) div @„у„) = —1. Hence from (8) 


Wy hy rnm Pa dal 








er (py- pole + y 7 diy m (roro a» 
"The linear equation (12) la then satistied by all directed. elements 
intimate with a. 


Corollary.—l| az + by ca 
wont we have 





Û be the equation of a horocye 


= a4) 





8, Тик CONDITION OF INTIMACY OF TWO WLEMENTE WHOSE EQOA” 
Tona axe arves, 


Theorem.—If a ers mpm und вук+ӊу-е=0 be the 
equations of two basic elements « and f, the necessary and sufficient 
condition that a and B are intimate is 
jt tbi cttam as 
Cane L.—Let neither of « and 8 bo boroeyclic. 
Let og be un orient of a and 2, an orient of a. Let Py dusty 
ol eg and pa, d, rg the co-ordinates of By. 





















— c rest hike (урааа тта) 
=kykg div (aofo) 


‘This shows that tho necessary and suficient condition { 
Intimacy of a, and fo, and hence of a and £ is 


+bibg-eiea=0 


tase I.—Let a be borocyelie. 
И la уйш wib a hê À iust eithor be an equivaleni 
cycle in which case 


aiit bbe 










ja eb, 5,350 from (М) 


or f must be а line intimate with a. Let p, q. ғ be the ооо - 
nates of By, an orient of the line Й. Then р, g. 7 satisfy the equation — 











of a, ко that " 

pay + abire mo Y 

but from (10), — p/ag = 9/6. = ез, 

С aaa * byba ce, 

Адаја if it is given that ч 

УИЛЛ -4 

then if 2 ls horoeyelie we bave in addition to (ij e 
P #=0 from (14) 





‘Therefore 
















| hich shows that a and sro equivalent horoejcles and therefore 
intimate. 


‘Otherwise if 2 is a line then lot p, q, r bo the co-ordinates of Ao. 
an orient of f. Thus 
pies m a [by mr [es trom (10 ) 
Hence from (15) 
pudore =0 
whioh shows that p, d. r satisfy the equation of tbe horvcysto, Thus 
Bo andl hence Я is intimato with a. 
Corollary ().—1f. oye + bay 0, eget bay carm be the 
equations of two basic elementa, the equation of thelr join fa 
Quan) (сува оза ))y—(aybg—aab;)2=0 -.. (10) 


‘The result follows at once from the fact that the join i». intimate 
with both the given elements. 


Corollary (2) —The wevesnary and шй! condition that the 
elements u, B, y whose equations are 5 








be ¢0-intimate is the vanishing of the determinant 
еме | 





DU 















TRIADIC EQUATIONS IN HYPERBOLIC GEOMETRY 95 


Forifz, ys, #4 be tho co-ordinates of any directed olement 
Yo intimate with A. then from (18) 





fpi bii + 743, 7l 7 


LEAL Patat day Tata 





or div (asye) o div Gove) 
"To show thot the symmetric is unique, we note that if thers is 
аву othor element with equation . 
t+ my—ne=0 E 


which satinfion the definition of the symmetrie. then 
(ра раја + =з) y= (i-r) = 


Îs satisfied for all values of ж, y. « which satisfy (10. Whonce tho 
‘equations (i) and (i) must be identical. 


Tt has been shown in the paper referred to in the introduetion 
that the aymmetric between. 


(0 Two similarly directed pointa P and Q. ix the right bisector of 
PQ. 


i) Two oppositely directed points P and Q, ia the mid-point of 
PQ. 


(i) A directed point Р and a line AB similarly divested fo it, ia 
the principal tine * of Р and АВ. 


(lv) A directed point Р and a line AD oppositely directed to it, ia 
the principal point of P t and AB, 


(0) Two similarly. directed parallel tines, is a horocycle having 
both lines as ozea. 


* The principal line of P aod АВ is dati as follows -—Draw PL perpendicular 

lo AD mosting AB at L. ‘Take Р' ео PL wach that PL is eeeoplemertar] to PL, P 

= ud I^ ping ов the same side ol L. Lat М be the midpoint of PP. Тыв the 

Yine perpendicular to FI” at M in dused to be the principal lie of P asd AB. 

4 + The principal polat of P abil AB is дебе! an follows :—Draw PL perpendi- 
‘cular АВ meeting AB st L. Take L ов PL sach thst РІГ ia complementary to 
РЇ, Land L/ lying on S ba the mid-poiot of LU. Then 
B а defined to be the principal point of Р asd AB. 
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(ei) Two oppositely directed parallel limen, e their middle 
0 


(ей) The directed linea OA and OB meeting at O, is the external 
Defector of the angle АОВ. 

(ийй Two similarly directed tiste with a common perpendicular, 
ie the mid-point of thie perpendicular. 

(is) Two oppositely directed linea with a common perpentioular, 
a the tine bisecting thia perpendicular at right angles. 

a) A directed point P and a directed line AB intimate with 
it, in a horocyele having as an azis the directed line PL perpendio 
to AB, the sense of AB relative to L being the same a» the sense of 
the directed point Р. 





10, Тик GRVERALISED ANGLE-DINECTOR AND — SIDE-BISECTOR 


Hag, Bos Yo be three directed elements and ij A be the symmetric 
between By and yo. p the symmetric between yo anil soy v the aym- 
metric between no and By. then A. p. » are co-intimate.t 


Yeh ау, bi бугар, ba: ep i вз, bs, ез bo the co-ordinates of 
‘no: Йө, Yo: respectively, Then the equations of the symmetrios A, 
vare 





les =a) oa - bay (eg cts) 
layer 0, 7 by =e =e) =0 
loy —aghe+ (by bay (es crm 


Р. 
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ll. Tum GEXRRALISED MEDIAM типовим. 
matrice between В, and y., y, and a, а, and В. 
the basic elementa (23). (Bp), (уу) are co-intimate, 


Let the co-ordinates of a, f. y. be respectively ө, by 
аъ bs бз; өз, By: ca- Then the equation of A ia 


(og tas) #4 (bs 4 bay (eg e)amO. 
and the equation of « is 


a+ 











—0 





Hence the equation of (aA) the join of а and A is 

(Ag~A,)e+ (B, 7 B,)y - (05 - C))a mo 

whore Ay, B, eto., are the minors of the corresponding small letters 
in 


ho^ 
CM 
Bimilarly the equations of )ر(‎ and (yy) are 
(A 7 Aye +(В, -В,)у+ (O, ~C,)e =0 
(A Age (B, -Ba)y- (C, - Camo 
Binge the determinant 
А.-А B-B, 0-0, 
C=C, 








А.-А 
Û A-Aa — B-6 7 01-0 
` vanishes identically, the theorem is established. 





ауа bye 





thay ceno 


ayz+byyey2=0 
be the equations of a, f. y. 


‘Thon the equation (8y) Ње ў 





of f and yis 
(ges =e) + ( 





abs) =0 
Ayr+Byy-O\2=0 
whore Ay, By, ote., aro as before. 

‘Tho equation of ((8y)). the join of (85) and а is then 
(6,0, =e B)z+ (61А, =a O y= la, Bı bA, J4 =0 
and similar equations may be obtained for {(y»)8) and {Ьу}. 

Now consider the determinant 


01-18 14-0, 





001-28. Аа-аа 
03-8, А-0, 


asBy—body 
The sum of the constituents in the first column is 


бб, + ba0s C5) (eB, +е;В, +е,В,) 
which is zero, Similarly the sum of tbe elements in every column. 


is tero. Hence the determinant identically vanishes snd thie 
establishes our theorem. 











A NOTE ON THE STEREOSCOPIC REPRESENTATION 
OF FOUR-DIMENSIONAL SPACE * 


эү 
8. MoknoriDBYAYA 


Та an address ''On the fourth dimension of space” delivered 
before the Moslem Institute on the 3r February. 1912, I referred to 
* stereoscopic device which had suggested itself to me, for visualize 
dng Agures in fourdimensional space. It may be mentioned that 
tho possibility of visualizing four-dimensional Ggures ba» been pro- 
dicted by Poincaré. 

Tt is well known that а duplicate picture in plano of a solid figure, 
token from (wo slightly different points of view, whoa properly 
looked at through а stereoscope, impresses опе with the vividness of 
single figure in three dimensions. On the same principle, suitably 
constructed wire diagrams in three dimensions, whose bases are 
atereoscopically related, should appear four-dimensional when viewed 
through а stereoscope. This will only bold for simple Geometrical 
figures about whose expected appearances in four dimensions the 
mind has been previously prepared by study and thought of four- 
dimensional Geometry. 

One simple expariment may be easily made by any one, Take a 
stereoscopic duplicate chart mounted on stiff card-board, containing 
three white axes at right angles on a black back-ground, some such 
‘charts as are enclosed with Airy's Tract on Partial Diferential Equa- 
tions, Stick a couple of equal white pins at the two origins 
normally to the board. If now the chart be viewed through a 
stereoscope, four white lines including the pin, will appear to 
stend out mutually at right angles. which is only possible in four- 
dimensional space. 


* Prom Bulletin, Cul, Math. Soc., Val, 4, 1919, 
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Te should be observed that the picture on the retins is a two- 
dimensional one. The effort at adjusting the optic axes of the eyes 
in binocular vision gives us the perception of a third dimension. 
‘The effort at contracting the crystalline lens for focussing at objecte 
at near distances could give us the perception of а fourth dimension, 
but this letter adjustment takes place simultaneously with the 
former and not independently of it from acquired babit of looking 
at objects in three dimensions and consequently в certain amount 
of strain on the eyes is experienced when we try to realize throug! 
* Чегеовсоро m four-dimensional figure. For the complete realize 
tion nevertholess we requiro more of mental development then 
organic. 

















REPLY TO PROF. BRYAN'S CRITICISM * 


1 am glad the subject of a brief note of mine, on the atereoscopie 
in four dimensions (Bulletin, C. M. 
Vol, IV, 1912-18, page 15) bas interested Prot, Bryan. He gives ua 
another method of representation.t From the very imperfect 
explanations given by him, it is difficult to form s clear conception 
k of his extraordinary pair of stereoscopic pictures, I hope be will 
g impart to us further details, 

Apparently bis method does not aim at visualizing stereoscopi- 
cally a four-dimensions! figure in oll ite dimensions, at the same 
time, as my method does, but only at giving, successively, two three- 
dimensional aspects of а four-dimensional figure, differing in phase 
by 00". If so his method does mot go very far. 

T thought I had described my method in my note with sufficient 

y clearness, Tho pair of atereoscopic pictures in my method are not 
two-dimensional, as is the caso with Prof. Bryan's method, but 
` threo-dimensional, consisting of а pair of rectilineal figures in space 
(constructed of wire or thread), standing on ар ordinary stereoscopic 
“pair of plane rectilinesl figures ax bases. The simple experiment 
I bavo suggested illustrates the principles of my method. It gives 
“a solution of the problem of four dimensions, by representing before 
‘our eyes four lines standing out mutually, at right angles, or at any 
“rato, а close approximation to auch a solution. 
‘The principles on which true vision of four dimensions may be 
possible, stereoscopically or otherwise, have been already set forth 
by Poincaré. Speaking of complete vision be sere (Science and 
` Hypothesis. translated by W.J.G.. pages 55,54): 


® From Balletin, Cal. Math. вес, Vel. VI, 1014. 
О эшш Cal Mais, oe Ya YT, lt. 
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1" Tt bes, it is true, exactly three dimensions; which means that 
the elements of our visual sensations (those at least which concur 
in forming the concept of extension) will be completely defined if 
we know three of them; or, in mathematical language. they will be 
functions of three independent variables. But let us look at the 
matter a little closer. The third dimension is revealed to us in two 
different ways: by the effort of accommodation and by the conver- 
gence of the eyes. No doubt these two indications are always in 
harmony; thoro is between them а constant relation ; or. in mathe- 
‘matical language, the two variables which measure those two 
muscular sensations do not appear to us as independent But 
that fs, so to speak, an experimental fect. Nothing prevents ue 
û priorí from assuming the contrary, and if the contrary takes place 
ifthese two muscular sensations both vary independently, we must 
take into account ове more independent variable, вой complete 
Visual space will appear to us as а physical continuum of four 
dimensions.” 

Та my method I may claim that the independent variation of tho 
twolmuscular sensations would find ample scope, И we could ever 
«o educate ourselves as to acquire this power of independent varia- 
tion. My method might be a help towards such an education. 
At any rate, it would place before our eyes » fairly approximate 
representation of four-dimensional figures end be useful to us in the 
study of four-dimensional geometry, 




















Protestor Bryan after all seems to admit that my method is also 
в possible method of representing steresscopically а four-dimensional 
figure, but be says that bis method ie superior to mine inasmuch 
‘as it depends only on the single principle of binocular vision, whereas 
mine requires the additional principle of accommodation. A priori, it 
would seem evident that to produce from the two-dimensional 
picture on the retins a four-dimensional impression, two and not one 
independent physiological adaptations of the eyes are indiapansably 
‘necessary. Ido not, however, see any good im further prolonging 
‘the controversy between us, Both of us have fairly wtated our 
methods. It would lie with other mathematicians interested in the 
problems of four dimensions to accept or reject either, 

















A NOTE ON CURRENT VIEWS OF OPERATIONS 
THROUGH THE FOURTH DIMENSION * 


8. Muxmorapmrara 


‘The object of the present note is first to suggest some rational 
genesis of а supposed fourdimensionality of our spatial universe 
жой then to examine in the light of this genesis the possibility of 
certain extraordinary operations which have been currently imagined 
possible through the fourth dimension. 

A universe of space unbounded and Euclidean and of any given 
number of dimensions cun logically exist га а mathematical concep: 
tion. И we supposed euch a space to exist the resim of Nature 

-could uot claim the whole of it. The realm of Nature must bo 

t closed in the sense that the boundary must belong to it, This is а 
fundamental hypothesis we will make, Tt is based on the principle 
of continuity in Nature. If the realm of Nature were closed by the 
b plane at inGnity, the plane at infnity should have a geometry 
consistent with plane Euclidean geometry. as consistency is the 
prime attribute of Nature. But the geometry of the plane at infinity 

is not st all Euclidean. 

7 "There would be nothing illogica! to suppose that a universal 

spree, unbounded, Euclidean but of four dimensions, existed and 
that the realm of Nature was  self-losed three-dimensional boun: 
dary to some portion of this four-dimensional universe. ТЫ, 
hypothesis gives в wider view of tho universa of space and of ite 
relation to Nature-space. A three-dimensional Nature-pace by the 
side of a four-dimensional universe actually existing, dwindles, how- 
"A way out of the dificulty is to consider the four-dimensional 
universe only as а creation of the mind to serve asa scaffolding оз 

| hich to construct the Non-Euelieen Geometry of Nature-space, 


© * ута Balletis, Cal, Matb. Soe, Vol. IX, 1917. 
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dm fact we may dispense with this scaffolding altogethor and male 
the Non-Euclidean Geometry of Nature-space self-supporting. We 
return here however again to the three-dimensicnality of Nature- 
spaco. 

Many operations impossible in three-spaco ba» been said to be 
possible through the fourth dimension. For example it bas been 
said that а purse of gold placed in a closed iron safo could be pitch- 
forked out through the fourth dimension without opening tho safe. 
‘The possibility of success or otherwise of such an operation would 
depend on the hypothesis one made between matter end universal 

Suppose, for example, that the universal space is unbounded, 
Euclidean and of fee dimensions. Through every point of our 
three-dimensional space suppose a circle of variable radius io drawn 
{into this five-dimensiousl space. no two of the circles being coin- 
cident. Suppose further thst these oircles form а non-intersecting 
but continuous system and generate a solf-closed four-dimensional 
space necessarily un-Euclideam. The bundle of circles associated 
with а molecule of matter may be supposed to form an annular 
system which maintains its identity indissoluble so long as the 
molecule доев so. We may thus bave sn extended Nature-space of 
four dimensions, annular, self-closed and un-Euclidean in an Eucli- 
deen universal space of fivo dimensions, This five-dimonsional 
universal space might be looked upon merely as а mental scaffolding 
to the four-dimensional Nature-space. Each molecule might be 
supposed extended four-dimensicnslly along its annulus, Buch а 
four-dimensional Nature-space would be rational but mone of tbe 
impossible operations in three dimensions would be rendered 
possible in this amplified fald of molecular annuli, 
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SOME GENERAL THEOREMS IN THE GEOMETRY 
OF A PLANE CURVE» 


E 
S. Мокпоғаоштаза 
Introductory. 


The following paper suggests а number of general Theorems in 
the geometry of elementary plane curves. Indications of proof - 
have been given by tbe New Methods introduced by tbe writer. 
Rigorous proofs have not been attempted. The nomenclatures 
introduced may appear somewhat novel. They have been found 
convenient, Besides the paper is meant to appear in a Jubilee 
Volume, where а certain latitude for novelty may be permissible. 

1. Consider a fized continuous plane are 8. Call it tho atem. 
The two ends of the stem are А and В. Call A the lower end and 
В the upper end. The positive direction along the stem is from A 
to В, The arc is described by a point Р moving always in the same 
sense and not attaining tbe same position more than once, 

At each point P of tho stem suppose a tangent exists. Tho positive 
direction of this tangent at P is along the positive direction of the 
stem at P. Suppose this positive direction of the tangent varies in 
a continuous manner as wo proceed up the stem from A to В. Tho 
atem ів free from cusps and nodes. 

If the two points A and В coincide, the stem is closed and the 
point where the two ends meet is the point of closure. 

An oval is a closed stem of which every point may be looked upon 
‘as the point of closure. The positive direction along the oval will 
be taken to be counterclockwise. 

2. Consider а variable curve T which crosses the stem S at a 
limited number of pointa Pj, Ру,...‚ P,. Call it the tendril. 

‘We will suppose Ру. Pa. P, are arranged in ascending order 
along the stem, «o that P, is above A, Ру is above Py... and В is 
“above P,. We may also say А is below Py, Р, is below Pay... P, 
is below B. 























* From Sir Asotosh Mookerjee Silver Jubilee Volume, No. 2, 1929 (Сасама 
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We will say that the tendril is intimate with the stom at Py, 
+ Py, or that, Py, Р, is the range of intimacy of the ten: 

dril with the stem. Two points Pa, Pa, between which no otber 

point of intimacy lies will be called consecutive points of intimacy. 

Та certain cases a selected number of consecutive pointe of inti- 
тасу Py, Pasi- Ps. will be specially called the points of inti- 
macy and tbe remaining points of intimacy which lie above or below 
these special points of intimacy will be called tbe points of sub- 
intimacy. 

We will suppose the tendril to be а closed branch or a branch ex- 
tending to infinity on both sides of some well-known algebraic curve 
of kind К of which the co-efficients are freely or conditionally vari- 
“Ме and which does not possess a node or а cusp. The order m of 
this curvo as well as the assigned conditions to which the co-efliciente 
may be subjected will determine the kind К of tbe tendril. 

"Tbe tendril of kind К will have index r if v arbitrary points of 
intimacy of the tendri! with the stem suffice to determine the tendril 
uniquely. 

‘The tendril may however be defined to pasa through а certain 
nomber of fixed points in the plane besides the r variable points on 
stem. In general any r arbitrary points lying on the plane in addition 
to these fixed points, if they exist, will determine the tendril uniquely. 

3, The following conditions of intimacy of the tendril with the 
slem will be supposed to bold. When these conditions hold the 
stem will bo called congenial to tbe tondri). 

À) The points of intimacy of the tendril with the stem Бате the 
sume order and sense on the stem as on the tendril. 

Suppose Pi. Ра... P, are in ascending or positive order on the 
stom. ‘Then Py, Ps,,.., Р, will also be in ascending or positive order 
on the tendril. We will say 

The tendril embraces the stem in the same order and sense. 

(Gi) The tedril crosses tbe stem alternately from left to right and 
fight to left, 

Ae we proceed up the stem from А to В we will suppose that 
there is a continuous region to the right and a continuous region to 
the left ofwhich the stem is the separating line. The tendril 
етше the stem from left to right when it passes from the left region 
to the right region and it crosses from right to left when it passes 
from the right region to the left region, Between two consecutive 
 eromings, the tendril, we will suppose, lies wholly in the same region, 
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А crossing of the stem by the tendril from left to right we will 
call а positive point of intimacy. And a crossing from right to lalê — 
wo will call a negative point of intimacy. Hence we may ssy 4 

‘The range of intimacy of the tendril with the stem consists of | 
elementa of alternately contrary signs. 

(i) Two tendrils of kind К and index r cannot have more than r-i ___ 
points common in the stem or ín а certain neighbourhood of the stem. 

‘These r—1 points are exclusive of any fixed pointe through which — 
the tendril may pass by definition, As is the index of the tendril, — 
two tendrils having r pointe common will be ono and the same. 

(ie) Tho tendril varies continuously with tbe 7 points of intimacy 
which suffice to determine it, М 
Tho tendril varies continuously in form and position ва the r 
points of intimacy are varied in any continuous manner along the 
sem. In particular И the ғ determining points are taken in any 

terval 8 of the stom which tends to vanish, tho tendril will tend to 
а unique limiting form and position. The same may be said if the r 
determining points are divided into groups which lie in intervals 
tending simultaneously to vanish. The ides of continuity of varis- 
tion involves the idea that the tendril does not split up or degenerate 
or devolop nodes or cusps. 

(е) Tho number of К points on the stem is limited. 

А К point will be defined in the next article. 

Tho stom will contain either no К pointe ога limited number of 
К points, separated by finite intervals. If thore were an unlimited 
number of К points on the stem there wuld exist limiting pointa of 
K points on the stem. The existence of these limiting pointa is 
impossible as the number of К pointe is limited. 

4. Arrange of r+1 points of intimacy of the tendril of kind К 
with the stem, taken in order with alternately contrary signs will be 
called в К range, The points of the К range are its element 
А К range will bo called positive or negative according as its first 
element is positive or negative. 

It there be other points of intimacy lying between the extreme 
points of the К range besides those which belong to the К range — ^ 
they will be called extra points of the K range. These exten pointe 
wili necessarily occur în pairs of elements of contrary signe lying 
‘between pairs of consecutive elements of the К range, for two con- 
secutive elements of the К range are of contrary sigas by definition 

Gnd consecutive elements of the entire range of intimacy of the 
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tendril with the stem are also of contrary signs. AK range which 
does not possess extra points will be called clear. 

If there bo otber points of intimacy above or below the extreme 
points of the К range, they will be called sub-eztrs points 

Tho т+ 1 elements of the К rango together with the extra points 
‘when they exist constitute the set of points of intimacy of tho K 
range. The sub-extra pointe, when they exist, constitute the set of 
Points of sub-intimacy of tho К range. Tbe set of points of intimacy 
a of the К range together with tho set of pointa of sub-intimacy con- 
stitute tho entire range of intimacy of the tendril with the stem. 

‘The interval of the stem, lying betweon two extreme elements of 
the К range is called the intereal of the К range. 

A part of tho tendril Iy ing between two consecutive points of the 
range of intimacy will be called a loop of intimacy. Loops of intimacy 
‘will be alternately on the right and loft or left and right sides of the 
stem. А loop lying on the right will be called positive and а loop 
: 1уйа on the left will be negative. 

A neighbourhood of a point O of the stem will be called upper, 
lower or double according as the neighbourhood extends to the upper, 
lower ог both sides of O. The unqualified expression. neighbourhood 
of O hall always mean a double neighbourhood of O. 

A point О of tbe stem will be called a К point if every neighbour- 
hood of O contains а К range of given sign. The К point would 
be positive or negative, according as the corresponding K range is 

к positive or negative. A positive К point will be written as + К point 
ү and а negative К point will be written as —К point, 

A tendril is said to havo contact of order p with the stem at O, 
if in every neighbourhood of O there are р+1 consecutive points of 
intimacy of the tendril with tho stem. Thus at a К point, the tendril 








bas contact of order r with the stem. 
È Imaginary points and so-called coincident points of intimacy do 
f not count in our investigations. Whenever wo say that a tendril has 
contact of order p with the stem at O we imply the actual existence 
E of the set of p +1 real and distinct consecutive points of intimacy in 


» every arbitrary neighbourhood of O. The contact position of the 
tendril is derived as а limit, It does not pro-exist ia the logical order 
of thought. Та the contact position. the tendril may be said to have 
just left intimacy with tho stem, or wo may яву that in the contact 
position tha tendril is just on the point of gaining intimacy with 

Аре stem. By adopting this point of view we shall avoid saying in 












SOME GENERAL THEOREMS: 


any caso that a number of points of intimacy of the tendril with 
the stem has coincided. 

5. One K range is said to be higher than another K range if the 
elements of the former are higher than the corresponding elements 
of the latter with possibly some coinciding. 

А continuous variation of the elements of a К range will be called 
a proper variation if 
(i) during the variation, the elem ents of the K rango remain 
within the stem 

U) the elements of the К range as well as the extra elements of 
the K range when they exist or are developed maintain their relative 
onler. Any consecutive two may come into as close а neighbourhood 
м, ono wishes but do not coincide with or cross each other. Extra 

loments when they exist or are developed do not disappear ; 

(0) sub-extra elements of the К range when they exist or are 
developed may afterwards disappear, but do not coincide with or 
cross the extreme elements of the K range. 

‘A proper variation of a K range will be called elementary it 
during the variation r—1 elements of the K range remains invariable 
aad the othor two elements vary. 

‘An elementary variation will be called an elementary contraction 
if during the variation, the two variable elements continually 
approach each other. 

А K range will be said to undergo в progressive contraction if it 
undergoes a series of elementary contractions in which each element 
moves ín a constant direction or remains stationary during each con- 
traction of the series. 

Ш a set of consecutive elements of a К range are brought together 
by a proper variation within any arbitrarily small neighbourhood of 
0, they aro said to congregate at O. А K point, for example, isa 
Point at which all the r+1 elements of a K range congregato. 

‘A set of consecutive elements are said to congregate beside O if 
they are brought into an arbitrarily small upper or lower neighbour- 
hood of О. Та the former caso wo will say they congregate upside O ` 
“and in the latter caso downside 0. 

А progressive contraction of a clear К range will be calle. simple 
if the elements of the K range divide into two groups, a lower and an 
“upper which continually approach each otber. The two extreme 
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4 congregation PP and tbe element P,., are thea made to approach 
| ‘each other by alternate elementary contractions of Ру.Р,. у and Р 
Р,.у till the congregation P,P, comes beside P, or Py. 
beside P,. ‘The process is continued in this manner. It will result. 
in congregation of all the elements ata К point unless stopped at 
tome stage. As soon as extra points аго 
‘stop or it may stop when all the elements on on 
fixed point О within the interval has congregated beside 0. 

One К range is sald tocrom another K range, which is either 
higher or lower, if the interval of each contain in its interior an ex- 
Meme element of the other. 

‘Two crocs ranges aro said to bave external crom contact if the 
elements of each raoga which lie in the common interval of the two 
eros ranges congregate beside each other, so that the common inter- 
val is arbitrarily small 

‘Tho cross ranges are said to have internal cross contacts il the 
elementa of one range which lie in a non-overlapping part of ite iter- 

‘val congregato beside the nearest extreme element of the other range, — ^ 
«о that this non-overlapping part is arbitrarily small. 

‘An interval of the stom will be called free if it does not contain 
жоу K point in its interior, 

An interval of the stem will be called prime if it contains in ite 
interior only one К point. 

‘An interval of the stem will be called composite if it contains in. 
ite interior more than one К point. 

А К range will be called prime if it does not possess any extra 
slomonts, neither does it develop any extra elements during any 
proper variation in ite interval, А К range in a prime interval will be 
Prime but the interval of a prime K range is not necessarily prime. 

А К range which is not prime will be called composite. 

Suppose а К range initially elear develops during а simple pro- 
gressive contraction a pair of extra pointe. We can now reduce the 
range by considering the two highest or two lowest points of the 
menge as süb-csiraor by considering each of the extremo points of 
the range as sub-extra. n the first case, the reduction ia unilateral 
and in the second case the reduction is bilateral. A unilateral reduc- 
‘tion a ínfra-ateral or eupra-latersl according as the two lowest or 
фе two highest elementa of the range aro reduced, 

©. We will now establish some elementary theorems, The stem 

_ will be supposed to be congenial to the tendeil. 
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Theorem L.—The sign of each element of а K range as well ва of — 
cach extra element remains invariable during a proper variation, 


y element of the range of intimacy of the tendril with tho 
stem change sign. then every element must change sign st the same 
time as consecutive elements of the range of intimacy are of contrary 
sign. This is impossible as tho elements of a К range as well as the 
extra eloments of the К rango maintain their relative order during & 
proper variation and do not cross or coincide with each otber. If all 
the elements of a range of intimacy cbange sigu, then all tbe loops of 
imucy change sign and in doing «o must coincide with the stem at 
somo stage. But а loop of intimacy cannot coincide with the stem 
аз the number of pointe common to the tendril and stem is always 
limited, 

‘The only conceivable way in which an element Р of a К range 
may change sign is when two extra elements are developed indefinitely 
соне to P on either side, This case will be dealt with in the course 
ol demonstration of the next theorem. 

















Theorem 11.—Eztra elementa of a K range are developed in pairs 
betwe из of the range 

Consider а К range initially clear of extra elements. The dev 
lopment of an extra element is preceded by the bending down of one 
ol tho loops of intimacy on the corresponding interval of tho stem giv- 
ing rise to a contact of the р' * order of the tendril with the stem at 
a point О which is either an interior point or an end point of the 
interval P, Pasi 

First suppose О is an interior point of P, P,.j. Then inan 
arbitrary neighbourhood of O falling within P, P,. there are dovol- 
‘oped р +1 extra points of intimacy. Now as tbe signs of Py, Pasy. 
originally contrary, continue to beso after the development of the 
extra points of intimacy by proper variation and as the extre 

` points must obey the law of alternately contrary signs with the elo- 
ments of the К range, they must be even in number. 

Now suppose Ois an end-point of P, Р.1. Say O is at Py, 
‘Then in an arbitrarily small neighbourhood of P,” thero are developed 
р+1 points of intimacy of which one is P, and the others are extra 
points, ‘These р +1 points lis between Р, and P,., which are of 

“the same sign. Consequently р +1 must be an odd number. Henco 
. the number of extra points of intimacy developed will be even. Thi» 

















р чао pel pointe of intimacy will bs of alternately contrary sign. 
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‘ean identify any of these of a sign contrary to that of Py or 
P,» вя the point P,, so that between P, and P,. as also bolweon. 
P, and Р,. thero will be an етеп number of extra points of intimacy, 
ЛЕР, be tho lowest element of the К range then we can choose as P, 
‘the lowest possessing suitable sign of the set of p+1 points ; so that 
the now points of intimacy developed will consist of any even number 
of extra elements and в single or no sub-extra clement. The srme 
might. be said if the point О were at P4, 

If the К range be not initially clear then the new extra points will 
һе developed in pairs falling between pairs of consecutive elements of 
the K range for the old extra points by definition exist ín pairs be- 
tween consecutive points of the K range. 

If extra eloments are developed simultaneously at each of the r+ 1 
pointe Ру, Ps... P,, of the К range and if the topmost and bottom- 
most points developed have the same signs as Р,. ү and P у respective- 
y then wo can identity them with P,., and P, and with suitable 
Identifications at all the other points of the К range, the К range 
will maintain the signs of its elements inviolate and consequently 
the number of extra points developed between any two consecutive 
points of the К range will be even. It however the topmost or bottom- 
most extra point differ in sign from P,., of P, then we сап maintain 
the sign of Р, ү or P, inviolate by considering this extra point as 
sub-extra. 

Theorem I11—In an elementary variation of a К range the tiwo 
variable elementa of the К range move in opposite directions and in 
general any two variable elementa in the whole 
the tendril which have between them no other 
ways move in opposite directions, 

Yir, consider two variable consecutive elements P, and Py. 
‘of the range of intimacy of the tendril with the stem. If pomible 
suppose in an elementary variation P, and P,, receive small dis- 
Placements in tho same direction, say upwards, to Р/, and Pj, 
where P', lies between P, and P,.,. Then the loops P, Pa., and 
‚Р. are of the same sign and the intervals P, Pj, and P, 
Pasy cross each other. Consequently the loops P, Р,. and P^, 
P. must cross each other at somo point. Thus two different 
левів of kind К having r—1 points common hare another point 
common which is impossible. 

Next, consider two variable elements P,, P, of the range of inti- 
macy of the tendri) with the stem which have between them only 






































Some however may be considered invariable, Ву a series of olo- 
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elements which are invariable. Suppose P, and P, are 

P, and P, by an elementary variation. Tho loops РАР, 
P,-P, where Pa., and Py; ace invarible elementa mast lie both - 
within or both without the loops P,P, 

pair of corresponding loaps of two tendrils having r—1 points common 
оп tho stem must possess this property. Hence if Р', lie between 
P, ond P,.,, thon P, will lie between Pi; and P, and it P'a b 
below P, thea P, will lie above Ру. Thus Р, and P, will be dise 
placed alwoys in the same direction, 

Lastly, suppose P, and P, are two variable elements of the K 
range which have between them no other element of the К range or — 
invariable elements of the К range. If no extra elements of the ЕЮ 
range lio botween Р, and Ру, then the proof already given holds. If 
ппу exten elements oxist between P, and Py, then they will exist in 
pairs. Suppose there is only one such pair P, Ру. у, Then И P, move 


dowuwarls P, will move upwards and consequently Р, will move up- 
wards. Similarly if P, move upwards P, wil! move downwards, 
If there aro more than ono pair of extra points betwen Р, and Py 
similar proof will hold. 


Theorem IV.—In any proper variation ofa prime К range it 
cannot happen that the elements of the K range are oll displaced 
in the same direction or вота are displaced in the sume direction and 
the reat are invariable. 

Suppose Py, Р... Py aro tho initial positions of the elementa. 
of the K range. Suppose if possible all of them are displaced о 
wards by а proper variation to new positions Py, P'a.. PY 











mentary variations of the range Pj P^... P',., bring down Ру 
down to P, while all the other elements mors upwards. Again apply 
а Наг method to bring P^, dowa to P while P', remains invari- 
able and all tho other elements move upwards. By repetitions ot 
tho mothod all the clemeats execpt P',P',., will havo been 
brought back to their original positions and P', and P',., will have 
both moved farther upwards from P, and P,., which is impossible 
‘by Theorem III. 

Theorem V.—A prime К range converges toa unique K point, 

By a simple progressivo contraction tho interval of a K range 
‘ean evidently bo made to acquire a sequence of diminishing values 
ө lo zero, each interval lying within the preceding one. 
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‘The sequence ol intervals define s certain point O on the stem 
which in common to all tbe intervals. In every neighbourhood of 
Abis point O there is a К range. Therefore the point O isa К 
point of the samo «ign as the given К гарро for a К range maia- 
tains its sign during а proper variation. 

This K point 0 is unique. If possible suppose by some other 
metbod the К range converges to some other point O' on tho stem 
where O' i» above О. Take two suf&eienty small neighbourhoods 
bout О and O' which do not overlap. ‘Thon there îs a К range 
each of these neighbourhoods sach that one is a proper variation of 
the other, This is impossible by Theorem IV. a» im that сане all 
tho elementa of tho Е rango about O will hare moved upwards to 
the neighbourhood of by & proper variation. 


Theorem VI—A K point cannot at the same time be both 
positive und negative, ' 


Tn a positive К range the tendril crosses from left to right at the 
lowest point of the range. Hence in tbe limiting form to which 
‘the tondril tends as the elements of the K range converge to the 
‘corresponding K point, the tendril approaches the stem from tho 
left wide. Similarly at a negative К point, the tendril approaches 
‘the stem from the right side. Now as the limiting form to which 
tho tondril tends, as the determining points of intimucy ap- 
proach each other is unique, we vee that tha given К point cannot 
% tho same time be positive as well ва negative, 

But it may be argued that at a particular point 0, the tendril 
may have а contact with the stem of order 7+ 1. In this case the 
tendril should have in every arbitrary neighbourhood of O, 7+2 
points of intimacy with the stem. Of these r+2 pointa of intimacy 
И wo tako tho first r+ 1 we shall have a K rango of a given sigo, 
way positive. If we tske the last r+1 points we shall have a К 
range which is negative, Consequently it may be argued that at 
the point О, there exists both а positive and a negative К point. 
But a little ecoxiderstion will show that euch a contingeney is ùn- 
pomible, From a purely geometrical point of view a contact of the 
loe at O implies tho existence of r+2 real pointe of inti- 
macy in every arbitrary nelghbourbood of О. Now if we try by а 
‘simple progressive contraction to make the first r+ 1 points to con- 
verge at O, ther +2!* point will be continually moving awey from 
10, wo ibat if the interval in which the +2 points existed at any 
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1E 
moment was arbitrarily contracted it would soon семе to bold 
the r+ 2"* point. 

Again suppose we have an unlimited number of Æ pointy in the 
Мет. These will be altornately postive aod negative as we shall 
Prova lator om. Suppose O is s limiting point of these K pointe - 
"Then in every neighbourhood of О, there will be a positive K point — 
as woll as a negative К point and consequently a positive К range — 
‘os well as a negative К range. In this case the point О might bo 
‘called a positive as well a» a negative К point. ‘This contingency does — 
‘not bow: iso ва we have supposed the number of К pointe on ® 
stem to be always limited. [Vide condition (V) of congeniality.} 

This theorem is fundamental to our investigations. 


Theorem УП. а composite K range undergo a progressive 
contruction weith unilateral reductions it will ultimately converge to 
aK point of the same sign аз the original K range. 

Suppose wo start with a К range initially clear of extra pointa 
abd apply to it a simple peogressive contraction with unilateral 
reductions whenever а pair of ext» points are developed. This 
unilateral reductions will not alter tbe sign of the К range. Repeat 
this process continually. Then а certain stage will bo reached ` 
after which simple progressive contraction will mo further develop 
extra pointe, 

For if the development of exten points continued indefinitely 
while the interval of the К range converged to a point O, then in 
every neighbourhood of О there would bc а К range with extra 
points. This К range with extra points by unilateral and bilateral 
reductions would give rise to two K ranges with different signs, 
Consequently the point О would be both а positive and a negative 
К point which in impossible. 

‘Thus overy К point converges by simple progressive contracti 
with unilateral reductions to at least one K point of the same sign 
which i» interior to its interval. The unilateral reductions wo will 

. suppose always supra or always infr» although the argument does 
“Bot require it, 

Theorem VIIL—Every K point hos 
“the corresponding К range ia prime. 

‘Take any prime neighbourhood of К ; there must exist a K range 

— of tho same sign as that of К in this neighbourhood. This K range 
will be prime, for if by amy proper variation in the primo interval, 
bie Z 
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a pair of extra points are developed, thon by bilateral reduction wo 
shall got ‘a К range of the opposite sign which will converge to a 
corresponding К point. This latter K point being of а sign. different 
from that of the given К point must be а point different from it. 
Consequently there are two K points in the same prime neighbour- 
hood which is impossible. 


Theorem 1X.—The К points of a stem are alternately positive 
end negative, 

Suppoto О and OF are two consecutive К points on a stem 8, 07 
being above 0. Suppose O is в +K point, Take any prime 
Roighbourhood of О, this neighbourhood will not contain Of as an 
interior point, Any K range Py. Pai. Psy Io this noighboure 
hood of O' will be positive. ‘That is. the point Ру will be positive. 
Some of the clemenis of this range will be above Ô, others below 
0, We can transfor tho element nearest to O on the downside by 
* simple progressive contraction of the К range in which the 
rpmaining elements on the downside of O remains invariable. By 
repesting this process we can transfor all the elements on the 
downside of O except tbe last clement to the upside of 0, 

‘Take any primo neighbourhood of O' with corresponding К range 
Fly; Р.Р. Wo ean transfer all the elementa Ру, Py... Р, 
Vo the downside of O while Р, у remains on the upside of ©, Now 
‘the interval ОФ is fece, We enn therefore transfor Pa, Py... 
to Py, Pa, P^, respectively without development of аву further 
pointe of intimacy, for in a prime interval thore cannot exist more 
than rpointsof intimacy, Conwquently Ру, Ру.....Р,. will carry 
thelr sigs with them when thoy are transferred to Py. Pa... Ply. 
But the tandril is determined by tbe r pointe of intimacy. Therefore 
tho signs of P, and P', are contrary. And bence the К pointy O 
and 0! aro of contrary signa, 

@or.—In an oval there are always өй even number of К points foe. 
thoy are of alternately contrary signs. 


Theorem X—I of two prime K ranges of opposite signs one be 
obser the other, then the point of convergence of the first ia above 
‘the point of convergence of the second. 

‘The two К rangos boing primo and of opposite signs will converge 
% two distinct and unique К points of opposite signs, If the two K 
ranges be separate, that is, if every element of the first be above 
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every clement of the second, with possibly tbe lowest 
first coinciding with the highest element of the second, perc 
ly the K point to which the first converges is above the К point to 
Which the second converges. as the point corresponding to each W 
range із an interior poiat of ita interval. 

14 is only ip the саво where the two К ranges cross ach other 
that the theorem requires proof, 

Suppose the first range is Py, Pgs... Ру. which im above the — 
second range Qi. Qu Qi. Apply в simple progressive contrac- 
tion to the range Py, Pa.. P, ,, till the elements of the range 
below Q,., congregate on the downside of Q,., or the elementa 
above Q,., congregate on the upside of Q,.,. It may be observed 
thot during this simple progressive contraction of the fret range, the 
first range continuos to be above the second range. 

Ла the first case tho two ranges will have extemal cross contact 
and ө progressive contraction applied to the second range will 
separate the two ranges ond the theorem will follow. 

Та tho second case the two rangos will have ioternal eros eon. — 
tact. Now apply a simple progresivo contraction to the second 
rango, till tho elements of the scoond range above Ру congregate on 
the upside of P; or the elements of the second rango below P, oon- 
grogate on the downside of Py. 

Tn the first caso the two ranges will have external cross contact 
and can be separated by further simple progressive contraction 
given to the first range. 

In the second case the two rsDges will have internal cross con- 
fact, By continual application of simple progressive contractions 
alternately on the two ranges they will either separate or continually 
contract and converge to a common point O, which will be thus 
both а positivo and a negative К point, which ix imposible. 

Cor,—Àt Py, Ра... Peay bo r* consecutive pointe of intimacy 
of the tendril with the stem and if the ranges Py... Prete Pao Раа 

P.,...P., sp be all prime, they will converge to Р unique К pointe 


















of alternately contrary signs. 


Theorem XI—A composite K range converges to a highest and 
a lowest K point which have the same sign as the original K range. 


Suppose we start with a К range initially clear and apply to it 
С progressive simple contraction. At some stage it will develop a pair 
‘of extra points, By infra and supra reductions we shall respectively, 
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gmt two K ranges of the same sign which cross each other, the firat 
boing above the second. If we go on applying progressive simple 
contractions with infra reductions to the first range we shall get tho 
Mighost. К point of the range ond if we go on applying progressive 
simpla contractions with supra reduction to the second rango we shall 
gol the lowest K point of the range. 

Л we adopt the method of eross contact explained in Theorem X 
o tho two cross ranges with infra reductions to the first and supra 
reductions to the second they would always continue to be oroen, that 
is, the first will continue to be higher than the second with a 
‘common interval between them ar they will separate 

T they do not separate at all then they will ultimately converge 
to a vornmon К point in every noighbourboo of which there will be. 
two K ranges of the same sign which cross each other of which one is 
oacewsurily higher than the other, This ls impossible (Theorem IV) 
aw ultimately tho neighbourhood will be prime. 

Cor. 1.—Bvery composite К range converges to at loast throo К 
Points, us between the two extremo K pointe of the samo sign thoro 
is a K point of tho opposite sign. Theorem IX. 

Cor, $I two composite К ranges of contrary sigas cross each 
olher, they will converge to nt least four K points. 

We will now enunciate а general theorem of importance. 


Theorem XIL—If an oval tendril of kind K ond index v, have 
0р (&r +1) points of intimacy with an oval stem congenial to the 
tandil, then there will exist on the oval at least p disti K pointe 
on the stem. 

Suppose Py, Pass. Ру, аго the 2¥ pointe of intimacy. They 
form 2р эксен К ranger РР: Pror Ps Pool, 

Pap Ру... P, of whioh soy two consecutive ones are of opposito siga 
and cross each other. 

Af all the ranges be prime, then by Theorom X. they converge to 
р unique К points of alternately contrary signs and tho stem will 
contain exactly 2p distinct К pointe, 

If some or all the ranges bo composito, the number of K points to 
which thoy will converge will be greater. 

































A GENERAL THEORY OF OSCULATING CONICS—I| t 
a 
S. Moxnorapmrava. 


Formulae ond Theorems relating to Osculating Conios are to be 
бошой scattered in Text-Books and Journals, but they do mot seem 
to havo boen troated anywhere in a collective form connected by 
general theory. 

Tho methods of deduction of the equations from first principles 
adopted in this paper may appeal to many ax new. Many of the 
results obtained in this paper will. it is hoped, be found to be also 
new. 

Exclusive use has been made of the method of differentials, as 
distinguished from t 





of differential co-ofücients. in deducing the 
fundamental equations. Each of the co-ordinates z «nd y of any 
point of the curve have been supposed to be funetions of an inde- 
pendent variable, mot expressed. The differential coofcionts, of 
2 and y with respect to the independent variable which we may call 
t, of any required onder, are supposed existing aod finite, such that 
tho limits At=0 of A"z/(A0* and A"y/(AT)*. where A*z and A"y 
are tobe intorproted in the sonso thoy are used in the Caloulus of 
Finite Differences, are respectively equal to the n-th differential. oo- 
‘efficients of z and y with respect to t, for the necossary values of n, 

1, The general equation of а conic. pawing through two given 
pointe (е, y) and (e, yi). must be of the form 


МХХ) + &(Y - y) (Y y) +» ХҮ 
*pX-2)Y-y)-0 ~ 
‘bs is ovident from the number of arbitrary constants involved. 
‘Therofors, the equilateral hyperbola through (z. y) and (гү, yi) is 
of the form 
M(X—2)(X а) (У (Ууу) +» (X—2)(¥— i) 
tpX—2,) 79) 0. ~ @ 


® From Journal of the Asiatic Say of Bengal, Nen Serien, Vet, IV, 1908 
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‘Therefore. the equilateral hyperbola. through (z. у). (ey. у). 
@» yah t y 








»| о (а 


2~ ' 
ог, 
0-0) (У-у-у -aY =y) 
(esmalts ал) 7 yry) 7 4) (esmay =y) 





a a a T (еә E 
Y-pa- Qoi") | 
(аа-а) (еа £y, —У) m0. ... (4) 
(= Ye 72) =i) 


Now if (а, у). (аз. ¥). Os. wa) (2s, ya) be four consecutive 
points on s curve, separated by equal infinitesimal increments of the 
| value of the independent variable, then evidently 


ауа кй», y may tds, a mr + drg. 
Therotoro, 2, =z + dz + dis + dz) mae de + dts, ry ma De 

+ dat dla + ds + d'a) o aea e MI + dhe } y 

with corresponding expressions for yi. у, у, 


On making substitutions (5) in equation (4). we bave, after 
simplifying the determinant by subtracting three times the second 
Tow from the third aod ultimately neglecting all infinitesimale ofa 





higher order, 
K-t- X-a- — (Y—y)de—(X—2)dy) 
242—324)? 2dzdy a? yde—tady =O, ,.. (0) 


Od'zdz—d*ydy)  S(d¥yd2+d?edy) d'ydz—d*zdy 


© Equation (0) is the equation of the cseulsting equilateral hyper- 
‘bola, at any point (e. y) of а curve, 












the equation (6) becomes 
1(X—2)*—Q—9)*)pr- 527) -AX (Fy) (Op) + Spa} 
+0{(¥—»)-(X—2)p}4 +p) =0. - 
2. As another illustration of the method of last artiola, 
determine, in genera! differentials, the equation of the circle 
curvature. 
‘Tho equation of a circle passing through (e, у), (ж, Yi). io ori | 
dently of the form. 
90-а) + T] y 
=A(¥—y)(e)—2)—(X I) -9 
Therefore the equations of a cile passing through any hme - 
points, (а, у), (ri Y1). (Zo. Ys) in 
(X—$)X—2)« Y- 0-9) 


| MOTEL Е? 8l: 
| aee ac A MIL (Y a= Es} @ 


If now (е. y). (21, Yı): (a Уз) bo three consecutive pointe on 
| ‘any curve, separated by equal infinitesimal increments of the value 
| “of the independent variable, then a» ín equations (5), ay=a+da, 

жатк + 046+ 0192, with corresponding expressions for y, and Yu. 

‘Therefore, equation (0) gives 

a 
Qa + (r= = AE ps ИҮ-ЭМе—(Х—му]. s (10) 
1 "Equation (10) is the equation ol the circle of curvature. Hence, 
Roe ——— of curm- 
are given by 


ES 











ir ~ qu 
ji 
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د‎ M æ be the independent variable equetions (11) become 
Xes- * Pip 
1 
Я Yep + ч" | 2 9 
| 
pe teen | 
А 1 j 


3. Theeoonlinstesof the contre of the omculating equilateral 
hyparbols (7), as determined by differentinting (7) with respect to X 


end Y, sro 
* 
Kass Sato, 
— © @в 
mem AIT . 


14 R be the radius vector of the oscolating equilateral hyperbola, 
drawn from the centro to the point of osculation, then, from (18), 


34 (1+p*) 
Re VRPT = Ly, ~ 04 


HP be the perpendicular from centre on the tangent at the point 
of orculation, then, from (18), 


тх) „м, угур 
Еттен 


The axis of the equilateral hyperbola bisects the acute angle be. 
tween R and Р. If a bo tbe length of the semi-axis, thea 


snp. Stue e 
1 [o yes 


4. Theorem 1—Tho locus of centres of 















GENERAL THEORY OF OSCULATINO COMICS; | 


Theorem [1—The locus of centres of едой зур 
osculating a given central conic, is the inverse of the conic with 
ресі to the director circle. (Noticed by Wolstenbolme.) А 


For, taking the conie to be Ss e Eye, it is easly вре, by 


— +b) у. узву 
x a тэу Ty 
whence the theorem. 


5. If ва equilateral hyperbola and « parabola both osculete 
given curve at a given point they osculate esch other, for each of 
thom passes through tbe samo four consecutive points on the curv 

Hence, from Theorem I, we conclude that—() The directriz of 
the osculating parabola at a point P of a curve bisects at right angles, 
the line joining P with the centre Q of the owculating equilateral 
hyperbola; (i) If О be the middle point of PQ and 8 the focus of the — 
osculating parabola, thea S iv the redexion of О on the tangent at Р. 


Hence from (13), we eaaily deduce the equation for the directrix ie 
ot the osculating parabola to be 
(Xe) + (pr—94*) (Y¥—y) Bg (1 +p?) =0. = (18) 


And И (a, 8) bo tbe co-ordinates of the focus S of the osculating 
| parabola, then, from (13), тө easily deduce 


wees erect } 
ayy Plepi ere) 


"The equation, of the osculating parabola itself, is therefore 
x—» + (5? 


— y- й+у} 
- = Эй, ш өх 


„йй 







‘which, after substitutions (10) for a, 8, becomes 
{areq y= 189” Orp — us 
Aud га 


| VN 
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‘The semi latus rectum (0. af the above parabola, is the perpendi- 
ular from the focus (», 8) on the directrix (18). ‘Therefore 


— м 
(r9 + ғау 





en 


Tk may be noticed here that the focal distance of P and the fosal 
Perpendicular cn the tangent at P. are respectively 28 and АР, given 
by (14) and (15), 

©, If two central conics. one of them being an equilateral hyper. 
bola. orculate a given curve at a given point, then they evidently 
oculate each other ; hence, from Theorem II of article (4), we draw 
the following conclusions :— 


(0 The locos of centres of osculating conics. io a given curve 
at а given point, is straight line. 

For, the given point P and the centro Q. of the onculating equi- 
Jakeral hyperbola are, from equations (17), in one straight line with 
the centre C, of иу other osculating conic. The equation of this 
line of centres PQ is evidently from (15), 


{pr—24") (K—2)—+ (Y—y) =0. a n 


i) The direetor circles of tbe ceculating sonics to a given point 
of а curve form а co-axial aystem, having two real limit- 
ing points P and Q. 

For, CP.CQ=4?+8*, trom equations (17). С being the centre of 
the osculating сопіс and therefore of its director circle. 

‘The foregoing conclusions might have been arrived at from 
simplo geometrical considerations. The system of oseulating conien, 
at mgiven point, have been looked upon, analytically, as having 
four consecutive points common with the curve. This in moby 
however, the best way of looking from the geometrical standpoint, 
Geometrically wo may consider the system of osculating conics ва 
having four consecative tangents common with the curve. Hence 


(a) All osculating conies at a given point P of ө curve may be 
conceived as having beon inscribed to the same vanishing. 
quadrilateral, formed by four consecutive tangents, 
‘Therefore, from well-known properties of a system of 
‘conics inscribed to the same quadrilateral, we have. 
















(b) The locus of centres of conics oscolating a given. 
given point, is a straight line. 

(0 The director circles of this system of eonies form а eo 
system. 

(d) The radical axi» of this co-axial system is the 
tho osculating parabola. 

(e) The limiting points of this co-axial system are the 


point P ond tbe centre Q of the osculating equi 
perbola. 

For, the director circle vanishes only if the conic vanishes 
an equilateral hyperbola. 


(f) M С be the centre of any osculating conic, then CP.CQ 
i» equal to the square of the radius of the dinetor 
circle. 


Ф) 1t CD be the semi-diameter, conjugate to CP, of the osou- 
lating conic whose centre is C, then 


CP3 + CD32a* «M e CP. CQu CP? « CP.PQ. 
Therefore Ор? e CP. PQ. 2. 00 


Evidently the locus of D i» з parabola whose focus bisects Р! 
Р whore S is the focus of the osculating parabola. 
" T. И we compare the values of p, R, P, a and ! already obtained 
(12, 14, 15, 16, 22), we notico a number of obvious relations, of 
j which the most romarkable is 


oak, 2. a 
| Again if $ bo the angle between tbe normal and line of centres 


at P, 
^ EON 1 à 
arit -OO = 
‘Therefore И 90, thon Р= Ree mpl. 
N.B,—The angle ¥ has been discussed by Transon (Liouville, 
| Tr sedi vn on yep Cert ei 
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B. То determine the axes of any conic of tbe system we may 
proceed as follows ;— 

From the form of the equation of tbe line of centres (28), the co- 
ordinates (X, Y) of the centre C, of aay osculating conie of tbe system, 
‘ean evidently bo written es 


Xer- i, Ywy--Mr-30. am 
where A is ao arbitrary constant. 
Whence, CP = {r+ or—sq -. (08 
tin 06 PO- grr 
Tharetore by QU СШ" «ОР. тан)... 00) 


The equation of CD is evidently, by (27), 
W-py- Ai. ^o 
‘Theretore if PM be the perpendicular from P on CD, 
PM oa è — оу * * 
‘Hence, if a and b be the semi-axes of the csoulating conie, 
a+b OF + ODP S (e r49 ean pt) 
s" «срт. Pam. S3. pic 
Гы медам e sini love iem (m) оа ра: 
уеге, 
чечи эре, 


En * 












GENERAL THEORY OF OSCULATINO CONIC8—I 
= 
MC - s)! + (Y —y)*] +94 (UE - в), + (¥= )ipr- M) 
-Apo .. 0 
0. To determine the equation of ару conic of the system, let 


VE perpendicular rom V on CD and CP, respectively. 
Theo dn*d»-i 
م‎ e 

Pa Au уна, een 

wept) 
Ups ae 

ig 

= dpe GREE 

the pite), (Gier , 


B. Aem UA or hene epi. y 







by (28, 81, 23, 29) 


ТЕЕ 

-— =9 .. 80 

а агата (аре?) 
SIF- -p-a .. (5 

equation of any conic of tho system. 
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її мї +p?) +r + (pr 507)* 0, it is an equilateral hyperbola. 

10, "The conic of closest contact bas evidently for ita centre the 
point common betweon two comecutive lines of centres, Lot X, Y 
bbe tho co-ordinates of its centre, ко that 

mac Mt, وار ر‎ 
x X. Yay urit 
whore А bus to be determited, 


Then we must bave- $X =0 nod $Y =0, as the two centres core 


responding to ғ. y, A and + dz. y-dy. + dA most bo identical. 


— ر کو‎ 2599, 
4Y ур"? + рде —8%+) -99) d. 
GY epu Жер 607), мис), De, 


Eliminating 24 between the above two equations, wo have 


X= ger. 2. 00) 


Therefore the co-ordinates of the centre of the conic ol closest 
contact aro 


and the equation of the conie of closest contact ix 
qesr) {Oy —9X— 2}? + (C9 Xa praia) 
= 1849" و(‎ (X-2))- EN] 
"Therefore the conic of closest contact is an ellipse, hyperbola or 





closest contact directly by the method of differentials. 
The general equation of а conie through (ry, yi) and (x, у.) in of 
‘tho form, already given (1), vis.. 


МХ) + (У) +» Aaly) 
уу) а) =0, 









‘Therefore the conic through any fire pointe (z, y). 
1 (aa ya). (з. ya), Gee 9), ia S M 


-d-e (r-d-y) 
(e, e) » 












: 

Now it (r, y) (ens i): (tas Уз), (ep: Эз). (tar Ya) be five conseu. 
Vive points on a curve, separated by equal infinitesimal increments 
ot the value of the independent variable, then, as in (3). 


лучей латта. m) Á 








gama tide + 0d? e Ma + dtr Л r 
| 4 with corresponding expreesions for уз, Yar Va Vae 


| ^ On making substitutions (40) in (20). we lave, after simplifica- 

\ tion of tbe determinant by adding to the third row, the second 

7 row multiplied by (—9), and to the fourth row, the third row multi- 

l plied by (—4) and the second row multiplied by €. and by ultimately 
3 neglecting all higher orders of infinitesimals, 


q-»* 

(yt 

шө 

Gly)" + Bint 
qx-2yr- 
E 










(rye - X ey 


— 
— =0 ау 


ану · рта d'iis-d*sdy. 
О гизү ected ye ah pletely 
17 


Tj 
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which la the equation of the conic of closest contact in general differ- 
«шаһ. 
Equation. (41) reduces to (38) when the independent variable ies, 

12. Tis not dificolt to extend the method to the direct deter- 
mination of the equation of the ovulating parabola, 

The equation of » curve passing through (x. y). (e, уз) which 

reduces to а parabola if (я, y) and (7y. y) coincide, is evidently of 
the form. 


AASR tev (79) ad 
=F 0:79) - 0-9 (72: 


‘Therefore, the equation of sub a curve passing through any four 
points (e. y). (яу, 9i)» (eas Уз), (29: 34) is 





VER) «TTT УС A 
VETER MORN 





SOS ST 








“e. D 


Now if (2, у). Yah (fa Уз), (£a 9) be four consecutive 
pointe on a curve, then. from (5), 





Vega) y= v Bde d] EPs) = y 24r M92) 


4 1573) Gea v Bre Ta ez] ПЫ: КМ» Ta) 
=v Betas), 
ete, 


М0 065—0 ye М pda ry 
тг m -5-0,-799-9 
= VIE de Tag) + d yda- andy) = V3 v rye 


(Cupen) 


wubstitating an in (42) and simplifying, we have 
Xo» у-у вушаығу- анні тугаар 


de dy Bilzi*y—dyd?2) 
de dy (анду дуй?) 


ог, (Y7y) (ded! yds—dhady)- dtr? yde—d*sdy)) n 
— tiy ydr - ely) Bay rael) 
ady Dat yde— ately) Vasily. 8) 


E 
which is the equation of the osculating parsbala. It reduces =й 


И x be the independent variable. 
| From 145) Hb Caen Kant tb эрише the ae ot viria. 


(У-у) (dr GPyde rdg) 34x4 yda 7 d*ady) } 
= (X= 4) ( dyidydz ду) - Bd? yid yda—d*zdy)]. (40) 


(3). The diferential equation of a conie is the condition that 
the conie of closest contact is stationary. We may determine (his 
condition easily, 


‘The condition that any six pointe (x, у). (r1: Уз), (eye Уз), (fa: Val 
(кау), (is: Уз) may lie on а conie ix evidently, 


(HW Qr) nor) on 













Th) on 


pesca lys or) 
— — 
ТЕ -impa 
vro S 


=a sm 
F 








4 
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Now it xy у), (т. 4). (еу. Уз), Ga: Yd, (nsi) be six conte- 
«йө points on а curve, separated by equal infinitesimal increments 
of the value of the independent variable, then, us in (5). 


a,mekde заезде учин жын! 





жүн + eed +d 
у= 45de 10457 +100? ot 5d et dix 
with corresponding expressions for yi. Yar Yay Var Ys 


On substituting (48) in (47). we bave. after simplification of the 
determinant by adding to the second row, the first row multiplied by 
8. to the third row. the second row multiplied by —4. and fir 
row multiplied by û, and to the fourth row, the third row multiplied 
by —5, the second row multiplied by 10 and the first row multiplied 
by —10. and ultimately neglecting all infinitesimals of higher 
orders, 

w * 

Belts мну 

ачуны утуй 

зычым tnt, онун нр 
мн 
Marty + pita) 
lady + анду dria), 
зане 

















which is therefore the condition that the conle of closest contact at 
any point of а curve may be stationary. 
If the independent variable be z. then equation (49) reduces to 


40) —45q78+9971=0 = 00 


which is the differential equation of the general conio, as ha» bean 
deduced by Monge, 


DEM ———— маеце Ц) —— 
` in the next paper. 








А GENERAL THEORY OF OSCULATING CONICS—II* - 


8. Noxuor abun ar⸗ 


Intnopeertos. 


Abel Tramson ia а classical memoir. published in Liowville’ 
Journal (Vol. VI, 1841, Researches on the curvature of lines and sur- 
faces), gave the first impulse to the study of orculating comis and 
higher affections of curvature. 

‘To him wo owe the important discovery, that if O be tho middie 
Point of an infinitesimal chord PQ, and T tho summit of the aro — — 
PQ. thon the line OT, in its limiting position, makes an angle ё with the 


normal, such that tan de 316, He calls the line OT, in ite ultimate 


position, the axis of deviation, and takes tan 4 as the measure of the 
tate of deviation of the curve from circular form, or, of the second 
affection of curvature 

‘The more exact interpretation of tan À f seams, to the present. 
wrltor, to be what be has called the partial rate of variation of euroa- 


ture, and the formula tan à 14^ follows at once from this interpre: 


tation. 

‘Transon notices that the deviation axis is the locus of centres of 
‘oneulating conic of four-poiatic contact. He determines the centre 
of the conic of five-poinlie contact, as the intersection of two conse- 
‘cutive deviation axes. The distance Æ of this centre, from the point 








Prom Journal А 23, New Sein, Val. IV, 190, гр. 497-500, 
+ Vida ha Geometrical Theory of a Fiane Mon-psle Are, Бойе as well we 
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^ 
"i contact, he rst expreses in torme of p. dE, PP, and then re 
duces to ва expression in g. r. s. taking p to be zero. His reult 
i 





He gives olegaot geometrical constructions for completely determi: 
ing the osculating parabola and the ovaolating co nic, after (an 8 and 
R havo been determined 

Wis work is qati geometrical. Mischief sim was to discover 
“ibe second and thind affections of curvature.’ His discovery of 
tan Ê was besutifol, and be rightly thought he had obtained the 
third affection ө when he had determined the volue of M, 
whioh enabled bim to construct the orculating conie 

Profewors M. and R. Roberte and J, Wolstenholme have, as 
isolated problems set in University Papers or published in Collections 
of Problems, made a number of useful detonninations about osoulat- 
ing conics. They have not done, however, any systematic work, and 
it le not apparent what methods they may have followed in deduc. 
ing the генія. Thare is strong presumption that they have mainly 
relied on Transon’s researches, 

Dr. A. Mukhapadhyayn. in his admirable contributions to the 
Joumal of the Asiatic Boolety of Bengal, more specially in his 
popor ‘On the differential equation of all parabolas.” has treated 
dhe wubject more methodically, and has deduced and interpreted 
severel important results. 

"This second paper is based entirely on certain transformations of 
analytical equations, deduced in forms, in the first 
Peper, Tbe rele have been invariably expressed in general 
differentials. The ute made of the quantities P, Q. R, Selo., will, 
10 la hoped, be found interesting. 














OFNERAL THEORY OF OSCCLATIXO CONTOS 


14. The general equation of the oseulaliag conic. obtained 
‘equation (41),* numelg— 





=a) 0-0 =) dem (X ay 

dedy "уда абу 

Badd y + 3dyd?s a la any 

aly Mey ауа) | d'yde—d*nly 
is capable of a simple transformation, 


At we write 





(Y- 9a (X= адбу, 
V-a (Kym 















в) 
s dad! dydy =Q; 
l ‘then, equation (41) easily transforms into 
> Іл м LM L 
Р a 20" 9 9 =0 
k o o -3 R 
| s -aw =198 s 
- or. 

1*  M*-30L LM 

о -208 aot E 

og? -эфк—в QR | 





(8QM = RL)* + (Q8 -5R* + 12012 e 18Q?L, 


ч РРР 














GROMETRICAL PAPERS 


AQ —y) (804% Rás)- X — 2) (BQd*y— Rdy)]* 
+@08-5п* +129) ((Y-yds-(X-2)dy]? (52) 
=18Q*((Y - ds (X — dy] 
Hence, the ovulating conlo is an ellipse, hyperbola or parabola, 
according as 


308-5R* +1200 
ia positive, negative or zero. в) 

15. Again, the ооой дю thet а conio may pass through six 
consecutive points oa aay curve, obtained as equation (49), 
namely, 
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10. The conie of four-pointic contact, at any point (ғ, у) of. 

п given curve, bas the first, second and third differentials of x and. 

у, the same as with the given curve, but the fourth and bigher 

differentials arbitrary, und, in general, different from those with the 
given curve. Hence if we put, in equation (52). 

3Q8~SR?+12QR'=A б) 


whore À i hitrary conatant, we shall have, as the equation of 
the куме of conics, of four-pointic contact, at ару pojnt (x, y) of 
a given curve, > 


(Y 7) (8Qd*z — Rds) - (X 72) (8$Qd*y — Rdy))* 
А0) dz- X- a)jdy) =180%Ц(Ү-удк—(Х—»дуү* (50) 
Again, if we consider third and bigher differentials of x and y 





arbitrary, ud put J grt" where p and v are arbitrary. 


conatants, we have as the equation of the system of conics of three: 
pointic contact, at any point (я, y) of a given curre, 


{O =y) (z= pds) = (Ха) (d*y = ну)? 
*v[Y - yd - (X -2)4y]* 22Q((Y -y)dz -X —з)4у} on 


In particular, the equation of the system of parabolas of threo- 
pointie contact is 


ина = дв) (C= aNd yr) =O уде (Key) (0%) 
17. It may be interesting to deduce directly the equation ofa 
«ош of three-pointie contact from в special form of the equation of 
a conic passing through three given points. 
Let (=, Y), (Ey: Vi). (s. ya) bo the co-ordinates of any three 
pointa P, Ру, Py, and let 
Le(¥-g)(e1-2)-X—=y)91-) 
Mw(Y-yies- 207 (0-0-0) } 
Nw(Y- yin 72) - (X-2)997 9) 
18 


(00) 








Ј © 
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bo the equations of the lives PP,. PPa and РРу, respectively. 
Then 





M+ Laly- yi) 


МУ yey 725 + 3) - (X yy 20. y) 
j (00) 
LM Nm a= yey 





Now, the equation of а conic through P, Py. P, can evidently be 
written in the form 


ALM— NOM - L) + (M= L)* -(M + DIQE + LN) =0 
where А ond a are arbitrary constants, for, it is the samo as 
A LM-p(MN- NL) - MLM = MN - NL) =0 
= whieh circumseribes — L0, M=0, N=0 


"Thus, the genera! equation of а conic, through three given points, 
is of the form 


MU vile 72) - UC na 7) HUC ува 
00-20990) 
(У бао 72 - Xaya ЮНГ yr) (ea 7 22, 2) 
(Xz, * 9) 
+1@-э,)(шу-®ә 2) 0 е) иа By,  ))* 
7 MY iles 76) - (Xeyas e 
-i-ai =») =0 (or) 
Now it (s. y). (аз. yy) be consecutive pointe on a curve then 
| a reda t=: 
уунду, yam yy dy my dy dy 
‘Therefore (01) becomes 
АКУ 9d (X —24g)* 2000 —y)de—(X—a)dy) (O (de 
TX a)d?y} 
Poids (X jay} - 20 -yds + (X—a)dy) =0 





ds mee Die odia 














ER oe 


Or, (Y - pite pde) X Eg pE 
vl pls (tsy) ea QUY — y) da — ad 
where y=A—p*. This equation is the same as (57). 
18, Again, the general equation of а cubic through dee. § 
йом (s gh rur o #8) че evidently, bo written i 
ОХ о КУ) 8) 
ХУ уру уа + УХ mn Cal ¥ 
MU уе a) Xa НЕ уез) 
- mI - 
- )م‎ - yir (=) lys 9) 
{yey 2 n) T (=e (ys 29: +0} 
* Y yy) 9244 2) ауз ~ 2y, +1009 
= (yita n) a 
Mya ауа) (ra 7 £7) =0 ten 


which contains the necessary term» and the necessary number of 
arbitrary constants, 


> ‘Therefore, the cubic of thres-pointie contact at any point (z. y) 
| ol a curve. is of tho бота 


(Xz)? + Or)! ey -2) (9) +a) 
AALY- da (Xb) 
ану ан (= dy] (( y)a (E ahy] 
~ + (Oe (= 2)a4y}#=20((¥ -yds (X-as) =0 @®% 


‘To general, the equation of » curre of the w'^ degree, whioh bas 
_ thrve-pointic contact with a given curve at the origin will have the 
“ton no d hy te ы 


| ML ¥da—Xdy}?—2n(¥de—Xdy} [Y4?2—X4*5] 
OE مر مس‎ 


> 
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10, It is easy to deduce from the genera! equation of а conie of 
three or four-pointic contact, that of а four or five-pointic contact, 
and the method is а useful one. 


For example, the general equation of a parabola of three-pointic 
contact is (58) 


(Y= gldtz— йз) (X —a) (d*y – ыу)? 
=2Q[(¥—y)de—(X—2)dy}. 


If this parabola moot the curve again at an adjacent point (X, Y) 
corresponding to the value (++ of the independent variable ¢ then 


= 1 des Lo des 
X=z+dz+ is? cas? ‘ete. 
Ү=у=ду+ Ay dyti ygt Itete 


whore d'z and d*y stand for $2. r" and ФУ. э", respectively. 


Substituting (05) in (58) and remembering that p is an infinitesimal 
of first order, we bave 


(-0-i»Q*-2019 18] 
or, к=, © 
Again, to determine A, so that we may ged the conie of five-pointic 
contact, from the system of four-pointie (80), 
AY —,9)8Qd*z— Rds) —(X—2)(9Qd4y— Rady) |? 
MU 04а (X=)? 2180? (Y 5) da — (X — My]. 


‘Substitute (05) in (50), and remembering that A is an infinitesimal 
of order eight. we have 


(-80*-4QR* QR AR)! «AQ +4 ]* 
=16@°140 +28 + 5) 
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o00 + үн зер, +]дф* 
=00*+3028+10%8 
A-3QB-5E* + 1291" 
30. Equation (56) can be written ss 
(07-0) (804%: Rde)—(X =z) (0Qd*y – Rdy))* 
и ESI (pearly BOY eo А 
м whence, 
(Y 7 y) (8Qd*2—Rdz) - (X — 1) (804%у- Ray) =0 


sod Гата атга 









aro the Equations of two conjugate diameters. 

Equation (00) gives the diameter through the point of contact, 
and os it is independent of А, it represents the locus of centres of 
all conics of four-pointie contact at the given point. 

Equation (67) gives the diameter parallel to the tongent at 
a. 

"The interscotion: of (00) and (07) is the centre, whose co-ordi- 
Dates are 


Kons 200e- Rida) у=у+ Ody -Riy (в) 


"The osculating semi-diameter ОР is given by 


opa (aste Ras}? + GQd*y - ry) 









— PAPERS 
(304°: — Rdz)? + Qay – Ray)? 
90910482)? + (4*9)*) -OQRI dads + dyd*y) 
+ Rida? + dy?) 


con ў. eu 


EL ME 
{00+ aqq p 
in ME E 
vg (00* + 200, - RP)” 
Ма and b be the semi-axes of the conic (56), then, evidently, 
the цус (Od Raz)" + Ade? + (Q4 - May)? +d) 
"gigr 90 «000. nb xe) 


Лг. Os- Mas) +da") ((9Q44y—Ray)* + Ady?) 
{Qa Ras) (QU*y- RAY) + маду) 












CP? _ 00+ 
aD" 


= grng" b> 


i ‘The equation of the director cirele, deduced from (08) « 
i * (72), is 


M(X—a)? t (Yy) Xa) (09d* z—Rás) 
ES + (Fy) (BQy— Ray) + QP) =0 


‘Thus the director ciroles of the system of conics of four-pointie 
contact, form a co-axial system, of which tho radical axis is 4 


(X~2)(9Qd*z— Rdz) + (Y - y)3Qd* y— Ray) + QP =0 (75) 








This radical ais is the directrix of the osculating parabola. 


91. The condition that the osculating conic may be an equilater- 
Al hyperbola is a?+b?=0. Therefore, from (72) 


Ae و‎ - Rn* 
+, p3 
M coo ami p! cos эў 


the secas ot the coating equilateral e 
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‘The co-ordinates of the point, where the normal at the point of 
contact met» the equilateral hyperbola again, are found to be 


xett 
an 
* 


But the co-ordinates of the centre of curvature are (11) 


A xat vey fo 


Therefore, the osculating equilateral hyperbola meets the normal 
again, towards the convex side of the curve, at a distance from the 
‘Point of contact equal to twice tbe radius of curvature, 

Again, as the co-ordinates (77) do not involve higher differentials 
than the second, we conclude that al! equilateral byperbolas of threo- 
Pointic contact pass through the same point (77). 

Further, as two consecutive osculating equilateral hyperbolas 
may be conceived to possess three consecutive points common, they 
intersect again at (77), and, therefore, the envelope of the further 
‘branch of the oscolating equilateral hyperbola ie the locus of the 
point given by (77). 

32. The equation of the osculsting parabola, obtained from (50) 
bby putting A=0 is 


107—50(8049:— Rda) X—a) OQd y—Rdy))}" 
вет) d Xia) es 





A 
” 
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‘The co-ordinates of the point of intersection, of the 
through point af contact with directrix, are 


If (e, A) be the focus, then tho join of (а, 8) amd (Xy. Yy) le 
bisected at right angles by the tangent at (z. y), hence 


seX,—ady B=¥, tude IT 


when = sr р 


‘The somi-latus rectum (0 is the perpendicular from focus on the 
directrix. Therefore 


&: 279° РЇ 
5 ттт etl e) 


"The focal distance of (z, y) i» equal to the distance of (x, y) 
from directrix 


` ^ — __ =O con en 
l : 109*«aoQ,—nE)* 2 
‘The axis passes through (s, f) and is, therefore, 
б -MBQ Ваз) - Qt — 2020820 Ray) 
к "= таб TEPE en 
‘The normal at tbe point of contact meets tho axis (83) at 


кш X-ray Y=y+udz en 
"Ihe distance of this point, from point of contact, is 


E “rote е 
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‘The co-ordinates of the intersection of the directrix with the 
normal at the point of contact aro 


xe SH Yey- Lj (86) 


Therefore the directrix of the owewlating parabola moets the 
‘normal, towania the convex side of the curve. at a distance from 
he point of contact equa! to hall the radius of curvature. 

Again, m the co-ontinates (86) do not involve higher differentials 
than the second, we conclude that the directrices of all parabolas 

‘of three:pointic contsct, pase through the samo point (80). 

Further, as two consecutive parsbolas of four-pointio contact. 
талу be conceived to pose three consecutive points common, 
Abeir directrices meet at (80), and therefore, the envelope of the 
directrix of the osculating parabola is the locus of the point (80). 

28. Ia and bbe the semi-anis of any «Шры of the system 
ot conics of four-pointic contact (96), then from (72) 


$e ig eon P 
i Е 
- PV " 
ее "+ өт) 


* 





al 
Therefore £ + а minimum when v is a minimum. * 


_ Henee, the ellipse of minimum eccentricity of the system (56) 
determined by, 







contre of the osculating equilateral hyperbola. Here, 
OF =CD=p cosy, Н я 
Again. if A, and Ay corresponds to equal values of the ө 


tricity, and. therefore, to equal values of Fe then from (87) 


узы By a? 


Therefore, if C. C. Су be the centres of the ellipse of minimum 
‘eccentricity and of any two ellipses of equal eccentricity, then, - 
from (00) 


САР. CPP? 0) 


where P is tbe point of contact. 
Analogous resulte hold for the system of hyperbolae of four- 
| pointio contact, 
Tf Q be the contre of the osculating equilateral hyperbola, and 
| Qu. Qs the centres. of any two oxculating hyperbolas whose seyun: 
| totic anglos are supplementary, thea we ean prove in the same way 








| QP. Фа" m) 
IN Again, if (a, by) und (яз, ba) be semiaxes corresponding to 
' Ay and Ag. then by (72) 2 
| 
" е _ „2719 
у nh a "ө is 
"Therefore, a СТЫ га pm (02) 


(—— Where s is tbe wemi-axis of the osculating ‘equilateral hyperbola. 
= 34. The system of simple binomial differential quantities 
P,Q. R S, T. Qj, RS", which have been introduced in the 
С^ preceding. “ean, of course. be taken with any indepen- 
variable. Of the eight quantities only tho first fve may bo 











are. In ia case, equal to (1909405, qdz?, rdt, peg 
pada”, respectively. R and 8 evidently vanish. 
И we tako the are (4) as the independent variablo, then 


Pda! + dy? = de? = constant 
Therelore, @ = dadta + dyd?y = jdP =0 


ay 98501. „ф w 


Again 4Q, = (092) + (Py)? + dz dr + dy dy =| dP =0 












‘Therefore, da e+ dy у= - ў. ө) 
мю. de W-d*a Red'a Quo 

dy I dy Re d'y Q=0 
Теш» P~ RQ, + (da d'a dy dy) Q=0 


Hence к= 9. e» 
Also. ван MC (00) 


"The general differential equation (54) of the conio, if + be the 
independent variable, therefore. becomes 


жю p sogeraas QR (5- $) [7] 


— e — — 
successive differentisls, on (be supposition that the arc i» tho 
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дмюву+т=ав=р(#у -5 ) ] 
rares (Meme) | 


Thy the above substitutions (08). (00) amy. 
| oto.. can be readily converted into anotber in 







Tos, 0Q*« qo, HI %— (0+ 4F ) 


a n" 
зов siaga 7, (oy o) 
40 R^ 45 QRS +0 Q?T—00 ФЕВ + 45 QPS 
-t [mor rtm үзөр} ша 
Therefore the differential equation of » conie ів p and e la 
b. T MPO p p #' +з pF Pe 36 Pm 


On tr om 

















ON RATES OF VARIATION OF THE 
OSCULATING CONIC * 


or 
8. Mexmorapurara. 


1. ШО" sand for (5, where 1 is say independent variable 
‘and Q,, for Оға D'y=D"y D'e. where andy are given analytic 
functions of £. then the equation of the osculating conio at any point 
@. y) of the correspooding plane curve may be written as 

уа 7 (X—2)B]* + (У - Da - (X =z) Dy)" 
1801, LY y)De- (Dy) 
where ASQ Dr- Ds Ве3010%у-01.0у 


T2301391,—50),1 120,25; 


nd the condition. that the osculstitig conic pasres through six couse: 

cutive points, is ду =0 whore 

Ama 7350119:91*991590:,—999,,0,,0,, + Qa 

These results have been elsewhere deduced trom frst principles. 

Vide ` A General Theory of Owculating Comics.” Journal. Asiatic 

Society of Bengal. Vol. IV, Nos 4 aut 10. 1008. The following 

method. however, ia more simple. 

> eed —— of the plane curve and (X, Y) any, 

tho correspooding values of Ibe independent variable. 
raed Fee 


XcemDert 3 Die r14 A Dz. ts 












aioe Dz, 9-Р". Qui Do. Quim 










ON RATES OF VARIATION OF TILE OSCULATING 
‘Therefore, (Y= y)De—(X~2)Dy 





tti Quint td бөө 
and (Y—y)D*a-(X—2)D*y 

2 

Sgr дн + dre t Lease? rete, 


whence it is shown: 
Y-A Xab)” ЦҮ-у)р»—Х—»)ру}* 


Gis (De (= Dy) e — Qisa tele, 


Новое {(¥—y)A—(X—z)B}*+2((¥—y)Da—(X—2)Dy)* 
189,5 (Y — y)Da—(X ру} =0 


meote the given curve at five consecutive pointe at (=. y). determined 
by r*m0. If, however, A=0, ther*z0, вой the point (s. y) is a Н 
seztactic point on the given curre. 

2. IIE. y be the coordinates of the conire of the osculating оше 
st (ж. у), then it is easily shown, 


rd anys Mp 
To calculate DE and Dy. wv have 
DA D(IQ,sD*a—Q,,D2) 
80; 5D^2420,,D*—(Q,, +0, Ds 
250,,D*z- Aat) DE 


реро 
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г [—81 
p Ko)" e "кы? 


‘Therefore. 
A t — 
De=esa0 j = рез Que : CEE eui 
wu (zx) 
M 
Similarly De -2e 


1f we call the locus of (£, 9) the curve of aberrancy. and v the 
алсам) length of tbe curve of aberrancy, then 


Des (Doy s ate Bra 





— V annii 








ON BATES OF VARIATION OF THE OSCULATING CO 


мәш D(ab) e — $27. (a? D — 





Diab) (ab) ра» + (Dy) E. 
EET TEE 


whore а is areual longtb, and p the radius of curvature of the given - 
curvo at (z, y) 1 


Hanco 24). i aninvariant, Therefore also—2—in an invariants > 
Qis °з 


2 Again if r and r, denote two conjugate semi-diameters of the ossu- 
lating conic of which r passes through the point of contact, then. 







4 Ate В? 
Hala? + 9-9 =9Q 9 Fa eo Qu, 
(out) 
Hance we so that ТЫ a also an invariant of tbe point | 
my а 
© ив easly shown from the equation of the osculating conic that 
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To calculate Di?) and Dir), 


ans 2T(ADs + ВІ are 
we hare рене Cau с 


where ADs + BDy=C. — la evidently an invariant, 
vs 


P+ (Dy? ac 
de — 
te о аа) 
Wo hare, therefore, 


Р ЖЕ шты =. (++) 








ON RATES OF VARIATION OF THE OSCULATING CONIC 
where 


248+ 2грхру A43 B* «| = 
— кесш 


пз 
То calculate б), we bave 


E 4 ply, “Pe 





Bis qi 30:5 
Зарар 
Therefore рм=?2р 
T4 
c a —BDy) 
Again E 
30 
— -(Dy)* __2ADs—BD, 
С 
‘Therefore py «B2 cute. 
301. 
| so that tan aic DE MDW apis DM ND 
b Bu — хрм-мрнх=*2\Ф*=В*) DsDyAB[(Dé)*Dp* 
| 301 
E BONITO BD 
fe Iais aw 






— — 
and М.Х. 
Qe 


thats Dif - paren Roa TPO 
Ld 
д сэ) ш EI (Da)? + (Dy) 
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D becomes indeterminate, И C=0 «nd also D 0 
m 


easily shown to be the conditions that tbe osculating conie is a circle. 
For it can be sbewn that 
-aD 0 


— — aua 


Which shows thot $ + Ê bas a minimum value when D. 





But since (i 





wharo е is eccentricity of the osculating conic, we conclude that 


с 
р. =0 
a 


Js the condition that the osculating conie has minimum eccentricity. 
Again if ã be the angle between the line of centres and normal to 
the curve, then evidently 


с 
501. 


so that C=0 is the condition that 3 vanishes. 

Tt may be pointed out here, in passing, that the apparent way of 
interpreting the singularity, when the ovulating conie reduces to а 
‘elrole, by saying that three consecutive circles of curvature coincide. 
in meaningless, unless we oan show that, in the immediate neigh- 
bourhood of such a singularity,"s circle meets the curve in five dis- 
tinct points. It may be sbewn, from geometrical considerations, that 
‘such is not the case. In fact. such an interpretation of the ай агу. 
would imply the coincidence of an in-cyclie point with an ex-cyclic 
‘one, which is not possible. 


tan d=, 





‘tho conie reduces to & circle, two singularities of 
coincide. ‘Those are 







0055) оказо 


и» be the eccentric angle of the oxculating conie. at 
t contact, then it ів easily shown, 


Dab tan ё 
B tant p= Pp = 








NOTE ON T, UAYANHI'S PAPER ON THE O8CULATING 
*ELLIPSES OF A PLANE CURVE * 


ву 
€ 9. Mexuorapnvava. 


4 ‘Tho properties of ovulating ellipses wileh Profesor T. Hayashi 
М Miisounses in his paper ! a4 well as other interesting proportion ware 
d wiven by me. believed for the first time. in а papor published by the 
Саса Matbematiosl Society, Yol. Т No. L 1909. and гөчїетө by 
Trolemor P. Montel in conjunction with other papare on Finite 
Geometry, in the Bulletin des Sciences Mathomstiques, 1924. Part 
X The results were deduced by me io as extromely simple bot 
figirous manner by а roatbod which was introduced by me im that 
Paper, Two out of many theoreins proved in that paper are quoted 
below to bear out my contention, 

И we define an elementary noo sextectio arc АП to be ove which 
hia to sextertic point in it. except it may be at the two extremities. 
А and В, the following theorems have been proved to hold, suppos- 
ing the arc to be of an elliptic nature,,that is, the conic through any 
five points to it ia always an allipee, 

Prop. VI. 103. Op 03. Ou, Os be any five pointe on such aro 
thon the area ot the ellipee 0,0,0,0,0; xili continuously iouroase 
(or decrease) if the points be shifted in апу madner slong the are in 
the samo direction. provided the ceder of the ponte be maintained 
‘sod the points be never so far separated trom one another that the 
7 «Шри are 0,050,0, 0 excends the wemi-ellipse, 

Prap. X. Ш ару five polate being taken in order, 01, Oy, Oy, 
04. 0, on woah ме А8, the өрөө 0103030,0, culs in ot 0, and 
0, than the oxoulating ellipse at A falls entirely within the osoula- 
ting ры at В, f 

Thess theorems, it may bo noted. are in some respects moes ? 
onersi than those given by Professor Hayashi. 

The minimum numbers of eyolic and acateetió poiste on ар ele- 
‘Toontery oval wore also firat given by me in this paper, 
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SOME OPINIONS ON 8. MUKHOPADHYAYA'S WORK 


Proteser J. Hadamard, Paria" My iolerest io yoor mew methods is the 
veametry of a Plane ari, which 1 bad өдргезөөё io 1900 іа an (ancoymons) mete in 
he rerne generate dex ariences, han far fram diminished ага tbat time. 

Precialy st шу seminaire ot oslisquiam of the college de Frases, we 
‘Viewed wich subjevte вой А my sodilo» sûd colleagues bave beso keenly — 
in your way vi researches wbich we all consider aa oae of the moat important roada 
Speied to Matbetoalenl Science." 


Profesor Р. Беби, Gelsen) 7 1 um surprised over the емо! new valenla- 
Moos on he rigbtangied triangles and throe-right-sngled quedrilterale (in hyper 
bolie geomeiry)...Your analogies ie the Онин Peolngrumme Mirifeum are 
tty remarkable." 


Protesser W. Blaschhe, Hamburgi ~I am mocb blige 19 yeu for your bind 
vending of your beautiful geuettival work, When, es I haps «mew alton of 
uy Ташев» i Difereotial Gevcortry etie oat, I shall not forget to tation that 
уз were Da frit bo give Che besstiful themes on the members of Optic авй. 
емес points өө өө oval 


Proteser Р. Cajeri, California: =I congratutate you apos year savoms in 
үнөн, WE vet 1 bave the time amd eppertuoity to ути шу Mintory of Mathe- 
malice 1 sball bave cocaicn to ele to yout Iaterediog work" 


Protewor Т. Hayashi, Japan: “ Siocerely 1 congratulate your ene em 
New Methods in детүү, spavialiy ua the naw concert of intimacy, 


Profesor A. R. Forsyth, Londen“ Your papers cootested with ашу and 
differential geometry sre valuable snd imtererting 


ийим L. Сейшел, Life: “A drat reading (at Jour poper) he veined шу 
cand (мнен. Ae 1 lave written, 1 intend — — 
қонніесе early t» my student of Géométrie repéricur, эз exposition to which T 
теа to Join Wat of the words of M. Juel” 








